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This work presents a constitutive modeling approach for the behavior of granular materials.  In the 
granular micromechanics approach presented here, the material point is assumed to be composed 
of grains interacting with their neighbors through different inter-granular mechanisms that 
represent material’s macroscopic behavior.  The present work focuses on (i) developing the 
method for modeling more complicated material systems as well as more complicated loading 
scenarios and (ii) applications of the method for modeling various granular materials and granular 
assemblies. 
A damage-plasticity model for modeling cementitious and rock-like materials is developed, 
calibrated, and verified in a thermo-mechanically consistent manner.  Grain-pair interactions in 
normal tension, normal compression, and tangential directions have been defined in a manner that 
is consistent with the material’s macroscopic behavior.  The resulting model is able to predict, 
among other interesting issues, the effects of loading induced anisotropy.  Material’s response to 
loading will depend on the loading history of grain-pair interactions in different directions.  Thus 
the model predicts load-path dependent failure. 
Due to the inadequacies of first gradient continuum theories in predicting phenomena such as shear 
band width, wave dispersion, and frequency band-gap, the presented method is enhanced by 
incorporation of non-classical terms in the kinematic analysis.  A complete micromorphic theory 
is presented by incorporating additional terms such as fluctuations, second gradient terms, and spin 
fields.  Relative deformation of grain-pairs is calculated based on the enhanced kinematic analysis.  
The resulting theory incorporates the deformation and forces in grain-pair interactions due to 
different kinematic measures into the macroscopic behavior.  As a result, non-classical phenomena 
such as wave dispersion and frequency band-gaps can be predicted.  Using the grain-scale analysis, 
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a practical approach for calibrating model parameters corresponding to micromorphic continua is 
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Macroscopic mechanical behavior of materials is highly dependent on their microstructure.  The 
significance of micro-scale mechanisms influencing macro-scale behavior has been recognized in 
the context of continuum mechanics in the pioneering works of Cosserat [1], Mindlin [2], Toupin 
[3], Eringen [4], Green and Rivlin [5] and Germain [6].  Indeed, the early developments of 
continuum mechanics are known to proceed from some micromechanical conception of 
deformable materials (see Navier [7], Cauchy [8], and Piola [9, 10]).  In particular, in materials 
with granular structure, the microstructure plays a clear role in defining the macroscopic properties 
of the material. 
In some granular materials, grains can be identified due to their distinct grain boundaries, such as 
in the cases of grain packings and clean sands.  However, for a preponderance of granular 
materials, grain structure identification is not straightforward although they exhibit a strongly 
granular texture. Hydraulic cements, clays, concrete, rocks and certain polymers are examples of 
such materials.  In any case, the microstructure and the corresponding micromechanical properties 
have significant effect on the macroscopic behavior of the material.  Thus material modeling 
without microstructural consideration, as it is done in traditional continuum mechanics, invariably 
leads to neglect of certain characteristic features.  In order to incorporate the microstructure of 
2 
 
different granular materials into models of their macroscopic behavior many approaches applicable 
at different scales can be used as depicted in Figure 1.1. 
At the smallest scale, one can conceive of atomistic models which investigate the material behavior 
by modeling atomic interactions.  The building block scales for atomistic models are of the order 
1 Å=10-10 m.  Using this approach, the material can be modeled in the finest scale possible and can 
lead to highly accurate results [11-13].  It should be noted, however, that atomistic models and 
multi-scale models are prohibitively expensive for computations at large scales.   
 
 
Figure 1.1. Schematic representation of modeling length scales and the corresponding computational 
demand 
 
At the scales ranging from atomistic (~10-9 m) to continuum (>10-3 m), a number of coarse grained 
methods of incorporating micro-scale effects can be conceived, such as molecular models, bead-
spring models or discrete element models [14-17].  These models also pose significant challenges, 
3 
 
including, among others, the specification of local interaction laws between coarse grained 
particles, the generation of highly idealized microstructure, defining particles, their shapes and 
sizes, their contacts and interaction relationships, the evolution of their contacts during loading, 
surface properties and their change during loading, and the sheer computational expense associated 
with performing parametric studies. Finally in a larger scale, the method of granular 
micromechanics incorporates data from the material microstructure into the continuum model [18-
22].  In this approach, it is neither needed, nor intended to study the exact behavior of all grains 
within the material point.  The macroscopic behavior of the material is derived by averaging the 
behavior of grain-pair interactions in different direction.   
The granular micromechanics method offers an attractive paradigm for developing continuum 
models of granular material systems by incorporating micro-scale effects [21, 22].  In the method 
of granular micromechanics the material is envisioned as a collection of meso-scale grains 
mutually interacting with each other.  The interactions of all grains contribute in defining the 
macroscopic behavior of material.  This approach traces its genesis to the continuum models of 
grain assemblies developed in the second-half of the last century (see for example [18, 23-27]).  
This approach has been applied to model a range of issues germane to granular material behavior, 
including among others elasto-plasticity [28], rate-dependent damage and plasticity [22], 
instability analysis [29, 30] and second gradient and micro-polar effects [31-33], to give a small 
subset of contributions along these lines.   
1.2 Objectives and scope  
 
Although there have been lots of improvements on this modeling methodology, there are multiple 
challenges in the method of granular micromechanics to be faced and the method can be developed 
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for more and more sophisticated material systems and complex loading scenarios.  The wide range 
of potentials of the method for predicting different phenomena happening in different complex 
materials and the possibility of further developments on the model and its applications on different 
material systems serve as the main motivation for this PhD work. 
The accomplishments in this PhD work can be decomposed into the following two distinct parts: 
1. Theoretical developments on the model methodology in order to enable it to model more 
complicated material systems as well as more complex loading scenarios 
2. Application of the method for modeling infrastructure materials (e.g. cementitious 
materials and certain rocks) and prediction of their behavior under different loading 
conditions 
A more detailed description of the content of the dissertation is given in the following section. 
 
1.3 Dissertation outline  
 
In Chapter 1 an introduction on different approaches for material modeling and a motivation for 
using the method of Granular Micromechanics is presented.  Then an outline of the current work 
is presented. 
Chapter 2 is devoted to the introduction of the method of granular micromechanics.  Two general 
types of the method (method with kinematic constraint and method with static constraint) are then 
presented.  In both methods, macroscopic constitutive equations relating macro-scale stress and 
strain tensors are derived based on microscopic intergranular force-displacement relationships.  
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Global stiffness and compliance tensors are then derived using the methods with kinematic and 
static constraint respectively.  All these derivations are done within the linear-elastic region in 
which the intergranular force-displacement relationships are assumed to be linear resulting in a 
linear constitutive relationship in the macro-scale. 
Chapter 3 focuses on the derivation of the nonlinear damage-plasticity model and its application 
for modeling cementitious materials.  First the method of granular micromechanics with damage 
and plasticity is derived from a completely thermo-mechanical viewpoint.  The internal energy 
density and dissipation potential functions are defined as functions of their corresponding 
kinematic measures and damage and plasticity parameters in both macro and micro scales.  Setting 
the macroscopic internal energy density and dissipation potential functions equal to the volume 
average of their corresponding microscopic functions and substituting the results in the macro-
scale Clausius-Duhem inequality, a Clausius-Duhem type inequality is derived for grain-pair 
interactions.  The resulting force-displacement relationships show the effects of damage and 
plasticity in macro-scale.  Force-displacement relationships for loading, unloading, and reloading 
steps are then presented after the criteria for defining whether the contact is undergoing loading, 
unloading, or reloading.  In order to derive the behavior of cementitious materials, the free energy 
and dissipation potential functions in micro-scale are defined in a way that the resultant 
macroscopic behavior replicates the experimentally observed behavior of these materials.  The 
derived model is then calibrated with conventional triaxial test results and then verified by 
simulating multiple loading scenarios. 
In Chapter 4, a study of failure of materials, in particular cementitious and rock-like materials, has 
been studied.  First, the concept of material failure has been investigated and then, the presented 
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material model is used for checking different failure criteria and also predicting failure behavior 
under different loading paths. 
In Chapter 5, a framework for incorporating the effects of grain-size into the macroscopic behavior 
of the material is formulated.  Using this approach, multiple experiments on materials with 
different grain sizes have been simulated and it is seen that by incorporating the size-effect from 
micro-scale into the material behavior, the macroscopic effect can be predicted. 
In Chapter 6, the method of granular micromechanics with both static and kinematic constraints 
has been developed for modeling materials with all different levels of inherent anisotropy.  
Properties of grain-pair interactions in different directions have been formulated in a systematic 
manner that is consistent with the elastic symmetries resulting in different levels of isotropy in the 
material.  Macroscopic stiffness tensor for anisotropic materials as a function of microstructural 
and micromechanical properties are then derived.  It is shown that the derived macroscopic 
stiffness tensors comply completely with the symmetry requirements of materials with all different 
levels of anisotropy. 
In Chapter 7, a complete micromorphic theory which takes into account, among other measures, 
the spins of grains is presented.  The kinematic analysis is enhanced by incorporating terms that 
represent 1) average displacement and spins of grain, 2) fluctuations in the gradient of grain 
displacements and spins, and 3) second gradient of the fluctuations in grain displacements and 
spins.  Corresponding to each one of these kinematic measures a work-conjugate stress measure is 
introduced in the model.  Stiffness tensors correlating the macroscopic stress and strain tensors are 
then formulated based on intergranular stiffness coefficients and geometry of the grain assembly 
(or the granular material). 
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Chapter 8 is focused on the identification of a material or grain assembly as a micromorphic media.  
A practical approach has been formulated for calibrating the inter-granular stiffness coefficients 
corresponding to all different kinematic measures of the micromorphic material and using those 
grain-scale stiffness coefficients, the macroscopic stiffness tensors for the given granular assembly 
is derived.  
In Chapter 9, the micromorphic model derived in Chapter 7 has been used for studying wave 
propagation through materials.  First, applying the balance of internal potential energy, external 
work, and the kinetic energy in the micromorphic material, equilibrium equations and boundary 
conditions pertinent to the micromorphic materials with grain spins have been formulated.  
Implementing the constitutive theory of micromorphic media, formulated in Chapter 7, into the 
balance equations, equations of motion are derived.  These equations of motion are then used to 
solve the problem of elastic wave propagation through isotropic and transversely isotropic 
materials.  For modeling the properties of transversely isotropic materials, the method presented 
in Chapter 6 has been used. 
Finally in Section 10, a summary of the findings of the present work, conclusions, and a discussion 








2 GRANULAR MICROMECHANICS MODEL 
 
It is known that material microstructure and its corresponding micromechanical features play a 
significant role in defining its macroscopic behavior [34, 35].  In the method of granular 
micromechanics, the material microstructure is taken into account in direct manner when modeling 
the macroscopic response of the material to loading.  In this method, the material point is modeled 
as a collection of grains, each one interacting with its neighbor grains through different inter-
granular mechanisms.   
Equating the internal energy created by all the grain-pair interactions with the macro-scale energy 
created by the macroscopic stress and strain tensors result in a microscopically sound model of the 
macro-scale behavior of the material.  Thus in this model response of all grain-pair interactions to 
loading contribute in deriving the overall macroscopic response of the material.  By implementing 
the behavior of grain-pair interactions in all generic orientations, the method automatically 
incorporates the effect of material’s microstructure, micromechanical properties, and the micro-
scale phenomena that take place at the interacting grains.  The approach is consistent with the idea 
of coarse graining for modeling polymeric or complex multi-atomic systems [12, 36, 37] and 
follows a similar paradigm as that of peridynamics [38] and quasi-continuum mechanics [39].  The 
method also bears similarity to the microplane model [40] and the virtual internal bond (VIB) 
model [41] where the material behavior is derived considering the behavior of planes or bonds of 
every generic orientation. 
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The method generally can be categorized in two distinct categories which are called a) Granular 
micromechanics method with kinematic constraint and b) Granular micromechanics method with 
static constraint. In this chapter, the two types of the first gradient method will be developed and 
for both of them, global constitutive equations are derived.  Macroscopic stiffness tensors from the 
two methods are presented based on inter-granular stiffness coefficients and micro-structural 
parameters of the model. 
 
2.1 Granular Micromechanics model with kinematic constraint 
 
As it is already mentioned, in the method of granular micromechanics, the material point is 
envisioned as a collection of grains, each one interacting with its neighbors through different grain 
scale mechanisms [42].  The first step in the micro-macro identification in this method is to identify 
the kinematics of grains inside the material point.  Let us consider two neighbor grains inside the 
material point, say grains n and p, with position vectors  and 
i i
p nx x , respectively.  The displacement 
of grain p can be written using Taylor series expansion of the displacement of grain n, thus 
resulting in the relative displacement of the two grains to be formulated as 
     , ,    j j j j j j
p n n p n p n n p n n p n n
i i i j i i i i j ij ij ju u u x x u u u x x x x l
                   (2.1) 
where iu  represents the grain displacement field and the vector lj represents the vector joining the 
centroids of the two neighbor grains. Superscripts n and p corresponds to grains n and p, and the 
superscripts α corresponds to the αth contact of the grain.  Subscripts follow the conventions of 
index notation and summation over repeated indices is implied here and throughout this work 
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unless explicitly noted otherwise.  It should also be noted that in this derivation terms of order 2 
and higher and also grains rotation have been neglected in order to derive the first gradient model. 
From Eq. 2.1 it can be seen that the inter-granular displacement vector is derived as the projection 
of the strain tensor in the direction of the grain-pair interaction line and then scaled with the length 
of the interaction line.  This assumption is generally known as the kinematic constraint. 
In order to facilitate defining intergranular force-displacement relationships, a local coordinate 
system has been defined for each inter-granular contact.  This coordinate system is composed of 
three mutually orthogonal axes, namely axes ni, si, and ti.  In this local coordinate system, n is the 
unit vector in the direction of the line connecting the centers of the two particles and s and t are 
two orthogonal unit vectors in the plane whose normal vector is n.  Generally, the two vectors s 
and t can be chosen arbitrarily in the tangential plane (the plane with normal vector of n) but for 
future derivations and without loss of generality, the following three unit vectors are used in the 
derivations. 
 
cos ,sin cos ,sin sin








    





        (2.2) 
where θ and ϕ are the polar and azimuth angle in the spherical coordinate system as depicted in 
Figure 2.1. 
 




The relative displacement vector is then decomposed into three components along these three 
coordinate axes.  The component in the direction of the vector joining particle centroids, denoted 
by δn, represents the relative normal displacement between the two grains while two others, δs and 
δt, represent the two components of tangential displacement between them.  These components 
can be found simply by dot product of the displacement vector and the unit vectors in the three 
directions as δn=δini, δs=δisi, and δt=δiti.   
For elastic granular systems, the Helmholtz free energy may be defined in terms of the micro-scale 
kinematic quantities belonging to grain-pair interactions.  Thus, the internal energy density, W, can be 







            (2.3) 
where  jW   is the energy belonging to the αth grain-pair interaction written in terms of that 
particular grain-pair’s relative displacement and N is the total number of grain-pair interactions.  
Each grain-pair interaction is counted just once.  Now since the Cauchy stress is defined as the 
work conjugate of the symmetric part of displacement gradient tensor (i.e. strain tensor), applying 
chain rule of differentiation and Eq. 2.3, macroscopic Cauchy stress of the Volume Element (VE) 
















          (2.4) 
In micro-scale, the work conjugate of inter-granular displacement vector, represented by 











           (2.5) 
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By substituting Eq. 2.5 into Eq. 2.4 and using Eq. 2.1 the Cauchy stress of the granular system can 


















           (2.6) 
Note that li can be replaced by lni where the scalar value l denotes the length of the vector joining 
the two centroids. 
For further simplification a relationship between grain-scale strain and the overall Representative 
Volume Element (RVE) strain is necessary.  However it should be noted that for being able to 
derive such a relationship, exact knowledge of the material’s microstructural properties such as 
grain shapes and sizes, their boundaries, surface properties, inter-granular bond mechanisms, and 
also problem’s initial and boundary conditions, etc. are needed.  Such detailed information is 
generally unattainable for most, if not all, materials [43]. 
However, this unfortunate missing information is compensated by the fortunate fact that generally in 
solving the problem we are not interested in the precise and detailed solution and the exact motion of 
each and every grain in the RVE.  The difference between the approximate average solution and the 
exact solution belonging to each particle can be explained in statistical mechanics sense in terms of 
grain displacement fluctuations.  So the huge amounts of complexities in the problem dictate the use 
of statistical approximations which are not affected by the aforementioned missing information while 
in fact those average solutions are what we are looking for.  Furthermore, it can be proved that the 
amount of fluctuations of the response has an inverse relationship with the size of the RVE.  So using 
RVE with sufficiently large number of grains will imply less and less relative fluctuations from the 
average values that are determined from the statistical approximations of the average values [44]. 
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In the light of this argument, the mean field assumption, albeit approximate, provides a feasible 
approach for the derivation of the RVE constitutive law and has been shown to describe a number of 
phenomena exhibited by granular materials [18, 20, 42].  Thus the grain scale strain is set equal to the 






ij k l k l ik jl i j
ij
f l f l f l
V V V
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        (2.7) 
Inter-granular force vector is now decomposed into one normal component,  nf , in the direction of 
the contact line and two tangential components, sf  and tf , in the plane whose normal vector is the 
contact line. This will be useful for writing the inter-particle constitutive equations in a more 
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    
    
    
    
         (2.8) 
It is seen, in Eq. 2.8 that the microscopic stiffness components in directions n, s, and t are taken as 
kn, ks, and kt respectively.  However, for modeling isotropic materials, the stiffness coefficients in 
the two tangential directions, ks and kt, should be equal. For further derivation, it is useful to write 
the intergranular force-displacement relationships in the RVE coordinate system.  This may be 












          (2.9) 
Thus, the inter-granular force-displacement relationship can be written as 
;      i ij j ij ip pq jqf K K T k T           (2.10) 
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Where k is the stiffness tensor in grain’s local coordinates (See Eq. 2.8) and K is the stiffness 
tensor in RVE coordinates. At this point the kinematic assumption that defines microscopic 
displacements as a function of RVE strain tensor is utilized. 
i ij j ij j l l n
                 (2.11) 
Now substituting Eq. 2.11 into Eq. 2.10 and the result into Eq. 2.7 will lead to 
1 1 1
1 1 1N N N
ij i j ik k j ik l j klf l K l K l l
V V V




          (2.12) 
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                (2.13a) 
  
2
ijkl l j ik
1
C l n n K
V
   

                   (2.13b) 
The relationship provided in Eq. 2.13b can be used to calculate the material point’s stiffness tensor 
for a discrete system where the location of all grains and their inter-granular contacts and stiffness 
coefficients are known.  However, since we are interested in an approximate solution, it is intended 
here to change this summation to integration over the whole domain.  For this purpose, Np is 
defined as the number density of grain-pair interactions within the assembly and ξ as an inter-
granular contact directional density distribution function [18].  Using these parameters and 
assuming that the assembly is sufficiently large and contains sufficiently large number of grains 






= sinijkl p ik j lC l N K n n d d
 
 
   
 
         (2.14) 
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Similarly Eq. 2.7 can be rewritten in integral form as 
     
2
0 0
, , , sinij p i j lN f n d d
 
                   (2.15) 
The directional density distribution function serves as a statistical tool that defines the probability 
distribution of the properties of contacts (namely bond length and stiffness) in different directions.  
It should be noted that this density distribution function should be normalized in a way that its 
integral around the surface of a sphere is guaranteed to be equal to unity. 
It is clear that the introduction of the density distribution function facilitates modeling inherently 
anisotropic materials (See Chapter 6 of the present work).  However, for modeling isotropic 
materials, it is evident that there should be no directional preference for the grain-pair interactions 
and their properties.  So the number density of grain-pair interactions and their stiffness and lengths 
in different directions should be independent of the direction.  Having this in mind, in addition to 
the requirement of having a normalized distribution, for modeling inherently isotropic materials in 
3D domain, the directional density distribution function should be 1 4  .  In this case, the 
integrals presented in Eq. 2.14 can be calculated analytically.  After calculating all components of 





















          (2.16) 
Note that in Eq. 2.16, the subscripts n and s represent normal and tangential components of 
stiffness which are scalar parameters.  Throughout this work, subscripts n, s, ant t have been used 
for referring to the components of force, displacement, and stiffness in the three directions, n, s, 
and t.  Index notation conventions do not apply to them. 
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The above results are consistent with the stiffness tensors for isotropic materials that need only 
two constants to show their linear elastic behavior.  However, for modeling inherently anisotropic 
materials, different functions of the orientation within the space need to be defined and used as 
 ,   .  A comprehensive discussion on modeling materials with all different levels of inherent 
anisotropy using this approach is presented in Chapter 6. 
 
2.2 Granular Micromechanics model with static constraint 
 
In order to formulate the method of granular micromechanics with static constraint, the Gibbs free 
energy may be defined in terms of the micro-scale force measures belonging to grain-pair interactions.  







            (2.17) 
where  jG f   is the energy belonging to the αth grain-pair interaction written in terms of that 
particular grain-pair’s force measures.  The average displacement gradient tensor (strain tensor) is 















          (2.18) 
In the statically constrained approach, grain displacements are defined as work conjugates of the 












           (2.19) 
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Traditionally, statically constrained methods contend that the inter-granular force vector is equal 
to the projection of the stress tensor in the direction of grain-pair interaction line and then scaled 
by the distance between the two centroids.  In the present method, however, using a least squares 
approximation, this static constraint has been enhanced and can be written as 
1
i ij jk kf l N n
            (2.20) 
where the second rank fabric tensor Nij is defined as [45, 46] 
1
1 N




            (2.21) 
For a more detailed description of the derivation of Eq. 2.20 based on least squares approximation 




















         (2.22) 
Constitutive equation in the grain-scale needs to be introduced in the formulation at this point.  
That is a set of equations relating inter-granular force vectors to the inter-granular displacement 
measures.  For this purpose, as it was done in the method with kinematic constraint, displacement 
vector is decomposed into components in the normal and tangential directions. 
;    ;    n i i s i i t i in s t
                     (2.23) 
Having defined the normal and tangential components of displacement vector, constitutive 
equation in the grain-scale can be written as 
     3 1 3 13 3
1 0 0
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     (2.24) 
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Note that the each compliance coefficient is defined simply as inverse of its corresponding stiffness 
coefficient.  Now in order to write the constitutive equations in the RVE coordinate system, the 
rotation tensor defined in Eq. 2.9 should be used 
;     i ij j ij ip pq jqS f S T s T             (2.25) 
where S and s are the compliance tensors in RVE coordinate system and in the local grain-pair nst 
coordinate system.  Now substituting Eq. 2.25 along with the static constraint given in Eq. 2.20 
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                          (2.26b) 
Now using the same number density of grain-pair interactions and the directional density 
distribution function, Np and ξ, as what was used in the method with kinematic constraint, the 
summation in Eq. 2.26b can be changed into integration as 
 
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   
 
 
         (2.27) 
For the case of isotropic materials, the contacts density should be independent of the orientation 
and the density distribution function should be always equal to 1/4π regardless of direction.  In this 
case the integrals presented in Eq. 2.27 can be done analytically and closed-form solutions can be 
found.  After computing all components of the compliance tensor, Sijkl, materials constitutive 
parameters, Young’s modulus and Poison’s ration, can be derived.  For an isotropic material (or 























         (2.28) 
Since the grain-scale constitutive equations in both kinematic and static methods, Eq. 2.8 and 2.24 
respectively, are defined linearly, the macroscopic stiffness and compliant tensors derived in Eq. 
14 and Eq. 26 respectively will also be applicable for problems in linear elastic region.  In order 
to model material’s non-linear behavior in macro-scale, constitutive equations in micro-scale 
should be defined in non-linear fashion.   
 
2.3 Two-dimensional model used for modeling 2D grain assemblies 
 
The same approach that was discussed in the previous sections can be used for modeling two-
dimensional problems.  Two-dimensional modeling approach is justifiable when the problem size 
in one direction is significantly smaller than that in the other two directions.  This is the case for 
the biaxial loading experiment presented in Figure 2.2.  In this experiment grain assemblies formed 
of equal-sized circular rods (of 9.5 mm diameter and 25 mm height) were used.  The undeformed 
dimensions of the typical rod assembly are 400mm x 250 mm.  The loading and the data acquisition 
procedures have been described in detail in the paper by Misra and Jiang [47].  Briefly, the loading 
was applied in an incremental manner and sufficient time was allowed for equilibration for each 
load increment.  Figure 2.2(b) shows a schematic of the undeformed and deformed rod assembly.  
At the end of each loading step, the assembly was imaged and analyzed to determine particle 




Figure 2.2 (a) Schematic view of the biaxial shear experiment, (b) undeformed and deformed shape of the 
granular assembly under applied biaxial shear loading 
 
The method discussed in the previous sections should be reformulated in two-dimensional space 
in order to model this kind of experiments. In the two-dimensional framework, for each contact, 
the local coordinate axes are defined separately.  The unit vector joining the two centroids of two 
particles is called n and the tangential unit vector is called s (see Figure 2.3). 
 
Figure 2.3 Two grains in contact, showing local and global coordinate axes and geometry of the contact in 























































The Cartesian components of the unit vectors in two-dimensional analysis can be written as 
          (2.29) 
where θ is the polar angle measured from the positive x axis.  Note that in the 2D formulation, the 
indices can take values of only 1 or 2 and the summation over repeated indices holds.  Normal and 
tangential components of displacement vector are computed as δn= δini
 and δs= δisi, and the 
microscopic (contact) force laws can be written in the following general form 
          (2.30) 
The tangential stiffness tensor for the RVE can now be derived as the derivative of the stress tensor 
with respect to the strain tensor and using Eq. 2.13a 
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    (2.31) 
where superscript k stands for the kinematic method.  Note that it is assumed that under small 
deformations, the terms associated with the change of volume, V, and vector, li, are negligible 
        (2.32) 
 
It should be noted that for contact of grains of different shapes and materials, many solutions have 
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for contact of spherical particles, Hertz-Mindlin contact theory of elastic spheres can be used for 






              (2.33) 
while the shear (tangential) force-displacement relationship is obtained as follows [49]. 
3
2
1 1 ( );     where ss n s
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       (2.34) 
In Eqs. 2.29 and 2.30, μ is the friction coefficient, parameters k, λ, and η are material properties 
given as 
   
2 8
;        ;        0.5









       (2.35) 
where ν is Poison’s ratio, R is the radius of particles, and Eq. 2.34 is valid for  .  When   
exceeds , the shear force becomes ( )s n sf f sign   [29]. 
It is important to note that the force-displacement relationships can be defined in a general manner 
and the inter-granular stiffness matrix shown in Eq. 2.8 need not be diagonal and the stiffness 
matrix shown in Eq. 2.8 is used only for linear elastic isotropy. 
2.4 Summary 
 
In this section the basic frameworks of the method of granular micromechanics in two categories: 1) 
with kinematic constraint and 2) with static constraint are introduced and developed.  A schematic 




Figure 2.4 Schematic description of the granular micromechanics approach with both kinematic and static 
assumptions and comparing with traditional continuum mechanics approach 
In the traditional continuum mechanics approach, the macroscopic Cauchy stress tensor is 
calculated as the product of the fourth rank stiffness tensor and the strain tensor.  In the granular 
micromechanics method with kinematic constraint, knowing the macroscopic strain tensor, inter-
granular displacement vectors are defined as projections of the strain tensor in the direction of grain-
pair interaction line and then scaled by the length of the contact line (kinematic constraint).  Then by 
defining inter-granular force vectors as work conjugates to the inter-granular displacement vectors, 
internal energy of each inter-granular contact is calculated.  Setting the macroscopic strain energy 
density equal to the volume average of grain-pair internal energies, macroscopic stress and stiffness 
tensor are derived. 
The method with static constraint will be used for cases where initially the stress tensor is known, 
typical case for load control experiments.  In this method inter-granular force vector is defined as the 
projection of the macroscopic stress tensor in the direction of grain-pair interaction line, scaled with 
contact length and then modified using a fabric tensor defining the geometry of the assembly (static 


























conjugates of the force vectors, internal energy of the contact is calculated.  Finally equating 
macroscopic and microscopic energies, the macroscopic strain and compliance tensors are derived. 
The critical step in both of these two approaches is defining the inter-granular force vectors as a 
function of the intergranular displacement vectors.  In the most general case, the three components of 
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            (2.36) 
where each component of the inter-granular force vector is defined as a function of all the three 
components of inter-granular displacement vector. 
Using linear functions for the force components and avoiding coupling between normal and 
tangential components of force and displacement vectors, results in a linear elastic theory for 
isotropic materials.  On the other hand, defining the functions in a general manner, as shown in 








3 NONLINEAR GRANULAR MICROMECHANICS: MODELING DAMAGE 
AND PLASTICITY 
 
Modeling damage and plasticity using traditional tensorial continuum mechanics becomes very 
complicated when it comes to complex materials and granular assemblies.  Defining 3D yield 
surfaces, their evolution during loading, material hardening or softening, flow rule, etc., all make 
modeling damage and plasticity within continuum framework a very complicated task [50, 51]. 
In the method of granular micromechanics, the behavior of grain-pair interactions is used as 
building blocks of the macroscopic behavior of the material.  Part of the problem of dealing with 
stress and strain tensors, as it should be done in traditional continuum mechanics, stems from the 
fact that these parameters are tensorial entities and imagining the evolution of their different 
components will be difficult, especially when dealing with damaged and plastic material.  In the 
method of granular micromechanics, instead, the terms that are dealt with are normal and tangential 
components of the intergranular displacement and force vectors.  These are scalar variables.  So 
defining the relationship between them and their evolution becomes significantly easier and more 
straightforward.  Defining the force-displacement relationships as scalar function, even multi-
variable functions, results in a theory that will be able to predict the macroscopic phenomena 
happening in the material automatically.  Without dealing with the complexity of defining yield 
functions, hardening or softening, flow rules, etc., in the three-dimensional stress or strain spaces,  
material’s macroscopic behavior will be predicted. 
In this chapter, a granular micromechanics model suitable for cementitious materials has been 
derived in a thermos-mechanically consistent framework [52, 53].  In the subsequent discussion, 
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the thermodynamically consistent derivation of the model is first presented.  By including a 
properly defined energy density and dissipation potential function in both macroscopic and 
microscopic (grain-scale) level, a Clausius-Duhem type inequality is derived for inter-granular 
interactions.  The inequality is then applied to derive constitutive equations for the grain 
interactions that incorporate damage and plasticity at the grain-scale.  The inter-granular 
constitutive equations are devised in a way that is compatible with the macroscopic behavior of 
cementitious materials as observed by experimental data available in the literature [54, 55]. In 
order to ensure that the model can correctly predict the material behavior in complex loading 
scenarios, specifically in cyclic loading, a loading-unloading-reloading criterion is proposed in the 
grain-scale which decides whether each grain-pair interaction is undergoing loading, unloading, 
or reloading at any given instant during its loading history.   
Model parameters are calibrated by simulating certain experimental observations.  Using the 
calibrated parameters, the developed model is then applied to simulate the behavior of 
cementitious materials under various multi-axial loading conditions.  The model results are 
verified by comparison with experimental observations and the advantages of the current approach 
are discussed.  Specifically, the relationships of the grain-scale behavior and the macro-scale 
behavior are investigated with the aim to understand the mechanisms that control behavior under 
different loading conditions.  This work has been published in 2015 [56]. 
3.1 Thermomechanical framework for granular micromechanics with damage and 
plasticity 
 
We consider a Volume Element (VE) of cementitious material of mass density.  From first law of 





k ke p q h              (3.1) 
where, e is the internal energy per unit mass, pi is the power density of internal forces, qk is the heat 
flux vector, and h is the heat source per unit mass.  The superimposed dot (
.
) denotes the time 
derivative.  Further, the second law of thermodynamics, stating that the change of entropy of the 










             (3.2) 
where, s is the entropy per unit mass, and θ is the thermodynamic temperature. Making use of 
Helmholtz free energy per unit mass, w, expressed as 
w e s             (3.3) 
Eq. 3.1 can be written as 
,
i
k ks p q h s w                (3.4) 
Eq. 3.2 and 3.4 are combined to yield the well-known Clausius-Duhem inequality which neglecting 
heat flux can be written as 
0ip w s d              (3.5) 
where d denotes the dissipation per unit volume [57].  For small deformations, Helmholtz free energy 
and entropy per unit volume may be defined as:  and W w S s    leading to the following useful 
form of Clausius-Duhem inequality 
0ip W S d              (3.6) 
For further discussion, we assume that the power density of internal forces, pi, is a function of the 
symmetric part of first gradient of displacement, that is ( , ) ,
i
ij i j ij ijp u    where ij is the 
Cauchy stress.  In general, the power density of internal forces could be a function of higher gradients 
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of displacements as well as rotations which would lead to higher gradient models or micromorphic 
material models (see [6, 58-60]).  However, the discussion on this chapter deals with the traditional 
first gradient model (See Chapter 7 for a complete micromorphic theory).  The Helmholtz free energy 
density of rate-dependent materials with damage and plasticity is taken to be a function of the 
independent kinematic variable, ij; an internal variable associated with plastic strain, 
p
ij ; a second 
internal variable associated with damage, Dij; and the temperature, , expressed in the following 











         (3.7) 
where  , , , , ,p pij ij ij ij ijD D       is a dissipation potential function.  Differentiating the 
Helmholtz free energy, W, with time we obtain  
,pij ij ijp
ij ij ij





   
   
   
       (3.8) 
and combining Eq 3.6, 3.7 and 3.8, the following equation is found 
0pij ij ij ijp p
ij ij ij ij ij




   
   
           
                              
    (3.9) 
Since Eq. 3.9 should hold for any arbitrary values of  , ,  pij ij ijD  , and   it would appear that their 
coefficients should be simultaneously equal to zero.  However, it is notable that the coefficients in 
second term and third term of Eq. 3.9 can, in general, be functions of 
ijD  and 
p
ij , respectively, such 
that these coefficients cannot be completely arbitrary.  In this case, a weaker conclusion stating 
orthogonality of 
ij ijW D D    and ijD , and similarly of 
p p
ij ijW       and
p
ij , must be made 
[61].  According to Ziegler [52], the stronger statements of the terms inside the parentheses being 
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equal to zero can be made for idealized materials.  Here, we proceed with our derivation using the 
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     








           (3.10d) 
In a purely phenomenological continuum approach, appropriate forms of free energy and 
dissipation would be formulated and further derivation performed to determine the constitutive 
relationship, the yield function, and damage and plastic potentials.  Here we depart from this 
conventional approach and consider the granular system from its micro-scale (grain-scale). 
 
3.2 Thermomechanical formulation for granular systems 
 
3.2.1 Kinematics of granular meso-structure 
 
When the external load is applied, the grains translate and rotate resulting in a relative displacement 
between them [18, 19].  Relative displacement δi between two nearest neighbor grains n and p 
ignoring the grain rotations is written as 
p n
i i iδ u u             (3.11) 
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Where, ui is the particle displacement; superscripts refer to the interacting particles.  To obtain the 
continuum description of this discrete model, we utilize the Taylor series expansion of the 
displacement such that the displacement of grain p may be written as: 
 , j j
p n n p n
i i i ju u u x x            (3.12) 
where, the point of expansion is chosen as the centroid of grain n.  In Eq. 12, ui,j is the displacement 
gradient, and xj
n and xj
p are the position vectors of the centroids of grains n and p, respectively.  Thus, 
the relative displacement, δi, between two nearest neighbor grains n and p representing the -th 
inter-granular interaction is given by 
 , ,j j
n p n n
i i j i j jδ u x x u l
             (3.13) 
where lj is the inter-granular branch vector joining the centroids of grains n and p.   
 
3.2.2 Thermomechanics equations for granular system 
 
We observe that for a granular system, the VE free energy, dissipation potential and temperature may 
be defined in terms of the micro-scale quantities arising from the inter-granular interactions.  For that 
purpose, the Helmholtz free energy volume density, W, and the dissipation potential, ψ, are written as 






j j jW W D
V
   





, , , , ,
N
p p
j j j j jD D
V
      

     

         (3.14b) 
where each inter-granular interaction, denoted by superscript α, has been counted once and N is the 
total number of inter-granular interactions.  Wα and α denote the contributions of the αth grain 
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interaction to free energy and dissipation potential, respectively and are functions of the following 
variables: the inter-granular displacement vector defined in Eq. 3.13, j
 ; the internal variables 






respectively; and the temperature, θ.  
Now, substituting Eq. 3.14a into Eq. 10a, the following expression for the macroscopic Cauchy 
















          (3.15) 
Further, by substituting Eq. 3.14a and 3.14b into the orthogonality conditions given in Eq. 3.10b 
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    
        
         (3.16b) 
where we have considered that the time dependence of the micro- and macro-scale quantities are 
same such that k ij k ijD D D D
       and 
p p p p
k ij k ij














           (3.16c) 
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 where α is the volume fraction 









   
We note that the microscopic inter-granular force vector conjugate to the displacement vector can 











           (3.17a) 
Further, the summations in Eq. 3.16 should hold for any value of N, and thus, the equality should 
be satisfied in a term-by-term manner. So the following set of equations which resemble the ones 
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          (3.17d) 
Under the assumption that the inter-granular damage parameter may be obtained as the projection 
of the VE damage tensor in the direction of inter-granular branch vector, nj, the terms outside the 
parentheses in Eq. 3.17b can be simplified as follows:  
 kr rk
ij ij r ik jr ij kj j k
ij ij
D nD





   
 
      (3.18a) 
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Similarly, assuming that the inter-granular plastic displacement is the projection of the VE plastic 
strain to the inter-granular branch vector, Eq. 3.17c leads to 
 pp kr rp p p p pk







      
 

   
 
      (3.18b) 
Eqs. 3.17 and 3.18 can now be combined to obtain 
1
0pj j j jp
j j j j j
W W W W
f D S
D D
     
     
      
 
  
    
            
                              
 (3.19) 
which leads to the following micro-scale Clausius-Duhem type inequality for the th inter-granular 
interaction:  
0j jf W S d
                   (3.20) 
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W D
D
   
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  
  
   
   
   
      (3.22) 
 
3.3 Inter-granular coupled damage-plasticity relationships 
 
 
For convenience a local Cartesian coordinate system, nst, is now defined separately for each contact 
composed of three unit vectors: normal vector ni in the direction of inter-granular branch vector, li, 
and two orthogonal vectors lying in the tangential plane denoted as si and ti, whose direction cosines 
are repeated here for convenience 
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cos ,sin cos ,sin sin
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        (3.23) 
with  and  the polar and azimuth angle in the spherical coordinate system as depicted in Figure 
2.1.  Now displacement vector between the two particles, δi, can be decomposed into two parts: one 
along the normal vector given as δn=δini, and the other in the tangential plane given as 
   
2 2
 w i i i is t    . 
The inter-granular free energy and dissipation potential considering grain-scale damage and 
plasticity can be conveniently written as follows in terms of the normal and shear components 
following the above decomposition  
n w
n w
W W W  
    
 
 
          (3.24) 
For the coupled damage-plasticity phenomena addressed in this work, the inter-granular free 
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 are the inter-granular 






  are the inter-granular plastic displacements in normal and 
shear directions, respectively.  The inter-granular dissipation potential components are taken to be 
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         (3.26) 
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where dissipation coefficients Y and Z denote generalized forces that are conjugates of the inter-
granular damage and plastic dissipation, respectively.  Using Eqs. 3.17b and 18a, it follows that  
0; 0n w
n n w w
W W
D D
D D D D
   
 
   
       
      
      
      (3.27) 
Thus, the dissipation coefficient, Y, defined as the dual of inter-granular damage D is found as 
follows 




n n n n w w w wY E D Y G D
               (3.28) 
In view of positive semi-definiteness of the dissipation potential in Eq. 3.26, it is clear from Eq. 
3.28 that damage is irreversible, that is the rate of damage must be satisfy 0nD
   and 0wD
  .  It 
is also notable that the dissipation coefficient, Y, is the undamaged elastic energy of the inter-
granular interaction.  Similarly, using Eqs. 3.17c and 3.18b, we find 
0; 0p pn wp p p p
n n w w
W W    
   
 
 
   
      
      
      
      (3.29) 
Thus, the dissipation coefficient, Z, defined as dual to the inter-granular plastic displacements is 
given as  
   sign ; signp pn n n w w wZ h Z h               (3.33) 
Again, in view of Eq. 3.26 it is clear that plastic displacements are only admissible when the inter-
granular generalized forces take the same sign as the rate of plastic displacements.  The grain-scale 
free energy and dissipation defined in the manner of Eq. 3.24-29 represent coupled damage and 
plasticity wherein the dissipation due to damage is partly independent and partly coupled with 
plasticity.  Similar coupling has been proposed in the context of purely continuum modeling (see 
among others [62-65]).  Note that for modeling materials that are isotropic in the initial unloaded 
state, the terms that cross-link normal and shear components have been neglected and the response 
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on the shear plane (s-t plane) is taken to be isotropic.  It is noteworthy that in the granular systems 
composed of many components possibilities of sinks that trap the macroscopic energy in 
microscopic (grain-scale) motions may be present as shown by [66-68].  Further in lattice models, 
dissipation due to rupture of elastic links are used for describing material damage [69-71].  Such 
losses are modeled in the approach presented here in a phenomenological sense using inter-
granular dissipation mechanism given by Eq. 3.26.  Now, using Eq. 3.17a and 3.26, the inter-
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        (3.31) 
 
3.4 Inter-granular loading-unloading-reloading relationships 
 
 
To complete the inter-granular constitutive relationships for coupled damage-plasticity, we 
introduce the following criterion for loading, unloading, and reloading conditions at the inter-
granular scale utilizing “yield” function, F:  
(1) Loading – 0, and 0,n nF
   and 0, and 0w wF
   . 
(2) Unloading – 0, and 0,n nF
   and 0, and 0w wF
   . 
(3) Reloading – 0, and 0,n nF
   and 0, and 0w wF
   . 















         (3.32) 
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where the left superscript refers to the instantaneous maximum normal and tangential displacement 
components belonging to the αth contact.  It should be noted that the instantaneous maximum 
normal displacement takes different values for tension and compression.  Thus, the “yield” 
function is evaluated separately for tensile and compressive interactions.  The grain-scale 
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         (3.33) 
where the parameters 0  βn  1 and 0  βw 1 are constants defined as the ratio of maximum 













           (3.34) 

































          (3.35) 
To model nonlinearity during reloading, the force-displacement relationship is assumed to be 
similar as that given by Eq. 3.30, where the reloading initial stiffness is a constant times the 
unloading stiffness and the resultant curve passes through the point at which unloading initiates.   
It is notable, that different sub-granular mechanisms govern the deformation behavior under 
tension and compression leading to asymmetric inter-granular interactions [20].  As the grains are 
pulled apart under tension, the behavior is governed by accumulation of sub-granular scale (micro- 
and nano-scale) de-cohesion, void growth, and strain localization, which contribute to both 
damage, plasticity and eventual separation .  In contrast, when the grains are compressed against 
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each other, the behavior is governed by a combination of stiffening due to increasing confinement 
and the loss of stiffness due to sub-granular scale pore compaction and shear localization.  
Consequently, the inter-granular stiffness increases with increasing confinement even as there is 
accumulation of damage and plastic displacement.  Within the genre of modeling approach 
considered in this work, these diverse mechanisms are not modeled explicitly but rather they are 
represented in practical manner by utilizing appropriate functions for evolution of damage, plastic 
displacements and elastic constants. The normal component of inter-granular damage coefficient 
is modeled as follows 
1
1             ;  0 (tension)
 
tan
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
     (3.36) 
where constants Bn and Bnc are the model parameters.  The resultant inter-granular force-
displacement curve has a peak and subsequent softening under tension and an asymptotic behavior 
under compression as shown in Figure 3.1a.  Parameter Bn corresponds to the peak in the tensile 
inter-granular force-displacement curve, while the parameter Bnc corresponds to the point of 
departure from linearity in the compressive inter-granular force-displacement curve.  The 







             (3.37) 
where the effect of compression on the tangential behavior is modeled by defining Bw as a bi-linear 
function of the normal displacement governed by model parameters α1, α2, and α3 as depicted in 
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  (3.38) 
Since the parameter Bw is the displacement at the peak in the tangential inter-granular force-
displacement curve, the maximum tangential force becomes larger as the grains are compressed 
together.  Further, to model the effect of stiffening under compression, the inter-granular normal 
stiffness coefficient, En, is taken to be a function of the mean stress, p, as follows: 
4
                   ;  0 (tension)
 












     (3.39a) 
where the constant 4  defines the growth of normal stiffness with increasing confinements and the 
stiffness coefficient in compression (with zero mean pressure) is given as 
2
 0.234C T Tn nno no no
n n
B B
E E R E R
e  
          (3.39b) 
Defining 
C
noE  using Eq. 3.39b guarantees two important properties of the material. First, it 
guarantees equal stiffness coefficients at the unloaded state in tension and compression.  Further, 
it also guarantees the maximum normal force in compression to be equal to R times the maximum 
normal force in tension, making R a parameter with clear physical significance that needs to be 
calibrated for the material. 
Using these force functions, the normal and tangential behavior of the grain-pair contacts are 
derived and shown in Figure 3.1.  Figure 3.1(a) shows the force-displacement relationship in 
normal direction while Figure 3.1(b) shows the dependence of the tangential damage parameter on 





Figure 3.1 Normal force-displacement relationship in compression and tension (a) and the shear direction 
damage parameter as a function of normal displacement (b).  The local Cartesian coordinate system is 
shown in the inset 
 




, conjugate to the plastic displacement are taken 
as 
   max max1 1
;
n n w wp p
n n w w
n w
E D G D
h h    
 
 
        (3.40) 
so that the dissipation is equal to the plastic work. 
3.5 Constitutive relationship for granular cementitious materials 
 
 
The constitutive relationship for an RVE of a granular system can now be obtained by introducing 
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in which strain kl is the symmetric part of the displacement gradient.  It is clear that relationships 
between grain-scale strains and the overall RVE strain are needed for further development.  
However, such relationships are unique for each grain neighborhood and can only be obtained for 
well-defined granular micro-structures and inter-granular interactions (see for example [19, 72]).  
For most cementitious materials, the granular-structure and inter-granular interactions are ill-
defined, since these materials are formed by conglomerations of grains of atomic sizes and larger 
with many different shapes, sizes, aspect ratios, and compositions.  Computational approaches 
based upon simulated discrete coarse-grained granular structures can be conceived.  However, 
these discrete models suffer from the need to simulate a coarse-grained structure at an appropriate 
scale as depicted in Figure 1.1, define appropriate grain-scale constitutive laws, implement effective 
computational schemes, and be coupled to higher scales.  Such discrete models not only add to the 
computational expense, but fail to offer the versatility of systematically investigating the influence 
of the macro-scale parameters, such as material density and inherent anisotropy, as well as the 
grain-scale parameters, such as effect of inter-granular degradation, presence of boundary layers, 
different shapes and sizes.  In light of this difficulty, the mean field assumption, albeit approximate, 
provides a feasible approach for the derivation of the VE constitutive law and has been shown to 
successfully describe different phenomena exhibited by granular materials [18, 20, 42].  In this case, 
the average stress tensor of an RVE given by Eq. 3.41 is simplified to: 
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            (3.42) 
which is a widely used expression for Cauchy stress tensor in granular mechanics (see for example 
[23, 73]).  The stress defined in this way is also traced to the virial of Clausius [74, 75], has 
counterparts in the statistical mechanics of fluids [76, 77], and has been a subject of recent 
discussion in the context of molecular and atomistic modeling [78, 79].  For sufficiently large RVE 
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containing variously oriented grain interactions, the summation in Eq. 3.42 can be approximated 
by the following integral under certain simplifying assumptions [23, 42, 73] 
2
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where N is the number density of pair interactions, and (,) is a directional probability density 
function defined such that the product N(,)sindd gives the number density of pair 
interactions in the solid angle sindd.  Using Eq. 31, the inter-granular force vector, fi, can be 
written as 
i ij jf K             (3.44) 
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3.6 Results and Discussions 
 
 
The derived damage-plasticity granular micromechanics model is applied for simulating the 
behavior of cementitious materials under various loading conditions.  The simulation results are 
compared to typical experimental data available in the literature [54, 55].  Since the inter-granular 
forces are nonlinear functions, a numerical approach is required for evaluating the overall stress-
strain behavior.  Simple forward Euler method utilizing adequately small increments appears 
sufficient for the simulations presented in this work.  Numerical approaches based upon Newton’s 
methods or other incremental approaches may be used when the model is implemented for solution 
of boundary value problems [21, 80].   
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3.6.1 Calibration and identification of model parameters 
 
 
Model parameters were calibrated using conventional triaxial test results.  In particular, under 
elastic conditions Eq. 3.45 can be integrated to obtain closed-form expressions, such that for 
isotropic materials the model parameters can be obtained in terms of measured Young’s modulus, 
E, and Poisson’s ratio, ν, as follows 
2 2
3 3 (1 4 )
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The mean inter-granular distance, l, is assumed to be 10 μm and the number density of pair 
interactions, Np, is taken to be 10
18m-3.  These assumptions are reasonable estimates for 
cementitious materials formed from powder precursor whose particle sizes are in the order of ~10 
μm.  Parameters Bn, Bnc, and Bwo govern the strain at which the peak-stress or failure occurs in 
uniaxial compression, thus they are obtained by minimizing the error between the calculated and 
predicted peak or failure stress-strain state.  Table 3.1 lists the above parameters used in the 
calculation based upon a cohesive material with Young’s modulus = 78 GPa, the Poisson’s ratio 
= 0.167, the peak stress under uniaxial compression = 40 MPa and corresponding strain = 0.15%, 
and a ten times smaller peak stress under uniaxial tension = 4 MPa and corresponding strain = 
0.015%.  Parameters α2, α3, and α4 represent the stiffening effect due to confinement and can be 
calibrated using results of confined axisymmetric triaxial test results.  For simulations reported 






Table 3.1 Model parameters used in this study 
Model Parameters value 
T
noE  3.5 kN/m 
R 17.5 













3.6.2 Model prediction under confined compression and extension 
 
 
Predicted stress-strain behavior under confined compression and tension are presented in Figures 
3.2 through 3.7.  In Figure 3.2, the overall stress-strain curves are plotted in terms of the deviatoric 
stress, q=σ11–σ22 (vertical axis), versus ε11 and ε22 (positive and negative horizontal axis 
respectively) for different confinements, σ22=σ33=σc.  These curves are calculated by first applying 
a hydrostatic confinement, σ11=σ22=σ33=σc, and subsequently, increasing axial strain ε11 




Figure 3.2 Compressive stress-strain behavior (a), and tensile stress-strain behavior (b) under different 
confinement levels.  The inset in part (a) represents experimental measurements from Bazant et al [54] 
 
From Figure 3.2 it can be observed that by increasing the confinement, the stress-strain behavior 
under both compression and tension transitions from brittle to ductile.  At low confinement, the 
stress-strain curves are characterized by peak stress followed by strain-softening.  With increasing 
confinement, softening is suppressed and at very high confinement, the stress-strain curves show 
gradual ‘yield’ followed by hardening.  Furthermore, the strain corresponding to the peak stress 
and the nominal ‘yield’ point increases with increasing confinement.  The effect of confinement 
on the behavior can be further seen from the plot of deviatoric stress, q, normalized by the initial 
mean stress, p=σc given in Figure3.3.  These observations are in agreement with experimental 
results as seen from the measured stress-strain curves from [54] given in the inset of Figure 3.2.  
 
Figure 3.3 Stress-strain behavior for confined compression (a) and tension (b) in terms of the deviatoric to 
mean stress (q/p) ratio and applied axial strain 
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It is also noteworthy that with increasing confinement, the lateral strains become smaller.  Under 
small confining pressures, the lateral strains tend to be particularly large in the post-peak regime.  
The lateral strains influence the volume change behavior of these materials.  Figure 3.4 plots the 
volumetric strain versus the applied vertical strain for both compressive and tensile tests under 
different confinement levels.  It can be seen that under low confinement for compressive loading, 
the volumetric strain is compressive (negative) in the pre-peak regime, but as loading proceeds, 
becomes dilative (positive) in the post-peak regime.  Under high confining pressures the 
volumetric strain always remains compressive.  For tensile loading, the volumetric strain is always 
dilative; however, with increasing confinement, the volumetric strain becomes increasingly 
smaller. 
 
Figure 3.4 -Evolution of volumetric strain with loading for both confined compression (a) and tension (b) at 
different confinement levels.  Initial compression followed by dilation can be seen for confined compression 
tests at low confinement 
 
To illustrate the model capability of replicating the observed behavior, the failure behavior of the 
simulations is plotted in deviatoric stress, q=σ11–σ22, and mean stress, p= σii /3, space.  Figure 3.5 
shows the loading stress-path which begin from the initial confinement and end at failure.  The 
failure envelope is formed by connecting the end points of the stress-paths.  Under compression, 
the failure envelope is predicted to be nonlinear with increasing confinement which agrees with 
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experimental observations.  Further, the failure envelope has a cap signifying that the material fails 
by collapse under hydrostatic loading at p=260 MPa. 
 
Figure 3.5 Stress paths plotted in the deviatoric stress–mean stress (q-p) space for both confined 
compression (a) and tension (b).  The failure envelope is shown by joining the end-points of the stress paths 
 
In Figure 3.6 and 3.7, model’s capability to describe the behavior under cyclic loading is 
demonstrated.  The overall stress-strain curves for the cases of unconfined compressive and tensile 
loading are shown in panels (a) and (b) of Figures 3.6 and 3.7.  Typical inter-granular normal and 
tangential force-displacement curves under compressive and tensile loading are shown in panels 




Figure 3.6 Results from unconfined compressive cyclic loading: stress-strain curves for axial (a) and lateral 
(b) directions, and example inter-granular force-displacement curves for the normal (c) and tangential (d) 
directions 
 
In these figures, compression is shown as negative following usual convention.  These results 
illustrate the unloading-reloading scheme for inter-granular normal and tangential force-
displacement described in section 3.4 of the current chapter.  It is notable that the unloading 
stiffness decreases as the displacement of unloading point goes higher which is a manifestation of 
inter-granular damage.  The effect of damage is particularly significant for the cases of softening 
that is modeled in the inter-granular tensile and shear behavior seen from the curves of Figures 




Figure 3.7 Results from unconfined tensile cyclic loading: stress-strain curves for (a) axial and (b) lateral 
directions, and example inter-granular force-displacement curves for the (c) normal and (d) tangential 
directions 
 
It is evident from the developed constitutive relationship that the overall stress-strain behavior is 
determined by cooperating and competing mechanisms described by the inter-granular force-
displacement relationships under the applied loading.  When the applied loading is specified as a 
mix of stress and strain components, as in the case of confined triaxial loadings discussed above, 
both the inter-granular forces and displacements evolve in a complex manner.  In Figures 3.8 and 
3.9 the evolution of forces and displacements in different inter-granular directions is shown for the 




Figure 3.8 Inter-granular forces and displacements in different θ-directions for confined compressive 
loading: normal force (a), tangential force (b), normal displacement (c), and tangential displacement (d). 
Unloading and subsequent loading in the tensile regime can be clearly seen from (a) and (c). The grain-
scale mechanism of volume-change behavior can be seen from (c) as the inter-granular displacements 
become increasingly tensile with loading 
 
Since the loading is axisymmetric, the inter-granular forces-displacements are independent of 
azimuthal angle, .   Thus, the curves in Figures 3.8 and 3.9 represents the force-displacement 
relationship for grain-pair interactions with different values of   and arbitrary .  Under 
hydrostatic confinement, all inter-granular interactions have equal initial compressive normal force 
and displacements, while the tangential forces and displacements are zero.  For confined 
compressive loading, as the axial strain is increased, the inter-granular interactions that are oriented 
closer to the loading direction experience compressive loading.  On the other hand, those closer to 
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lateral direction experience unloading and enter tensile regime, while intermediate orientations 
may undergo compressive loading followed by unloading and loading in tensile regime. 
 
Figure 3.9 Inter-granular forces and displacements in different θ-directions for confined tensile loading: 
normal force (a), tangential force (b), normal displacement (c), and tangential displacement (d). Unloading 
and subsequent loading in the tensile regime can be clearly seen from (a) and (c) 
 
For confined tensile loading, the inter-granular interactions that are oriented closer to the loading 
direction undergo compressive unloading, then enter tensile regime and fail in tension.  
Orientations closer to lateral direction experience further compression and hardening.  Further for 
both the cases of overall compressive and tensile loading, the inter-granular shear forces are higher 
for  =/4 orientation at the early stage of loading.  However, as loading progresses, the inter-
granular interactions that bear higher shear forces undergo damage and softening, resulting in a 
progressive crossover of orientations that are required to sustain larger forces.  Moreover, the 
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tangential behavior is influenced by the inter-granular normal displacement.  Thus, those 
orientations that undergo increasing compression exhibit stiffening in tangential response, while 
those unloading or in tensile state exhibit smaller stiffness.  It is clear that as the loading proceeds, 
different grain-scale mechanisms contribute differently to the overall behavior of VE at various 
loading stages.  The advantage of the developed approach is that the evolution of these mechanisms 
is not specified a priori; instead this evolution develops in response to the overall loading and the 
loading state of each inter-granular interaction. 
 
3.6.3 Failure prediction under multi-axial loading 
 
 
Failure at macro scale is usually characterized by a number of phenomena which progressively 
make the transition in the system from a stable continuum state into an unstable discontinuous 
state [81-84].  Based upon stability analyses, three general failure criteria have come to be widely 
accepted in continuum mechanics, 1) material instability, 2) diffuse failure, and 3) localized failure 
(see for example [29]).  The loss of material stability or strain uncontrollability is characterized by 
singularity of the symmetric part of tangent stiffness matrix.   
In Figure 3.10, the results of failure analysis under biaxial loading paths in which the loading is 
within the biaxial stress plane σ11-σ22 and σ33=0 are presented.  Figure 3.10a shows the failure 
envelope (plotted as dashed line) for loading stress paths starting from an initially unloaded 
condition.  The stress-strain behavior for each loading path is simulated by applying stress as 
follows: σ11=Acos(γ), σ22=Asin(γ) and σ33=0, where A is the loading stress-level, and γ is the angle 
between the loading line in σ11-σ22 plane and the positive σ11 axis.  The failure envelope is then 
generated by joining stress conditions for which the tangent stiffness matrix becomes singular.  For 
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the numerical results in this work, the calculations are terminated when the determinant of the 
tangent stiffness matrix becomes 0.001 times the determinant of the initial tangent stiffness matrix. 
 
Figure 3.10 (a) Failure envelope in biaxial loading condition material loaded from initially unloaded state 
shown by the dashed line. Also loading-paths for two-stage loading used to illustrate the effect of induced 
anisotropy. (b) Failure envelopes for material that has been loaded in stage 1 along the solid line in part (a) 
up to one of the depicted points and then loaded in stage 2 in different directions till failure 
 
Clearly, the simulated envelope replicates very well the experimentally observed behavior of 
cementitious materials.  It is particularly remarkable that the model predicts the compression-
tension asymmetry of the failure envelope.  The asymmetry results from the force laws which are 
defined independently for compressive and tensile interactions, leading to fundamentally different 
macroscopic behavior of the material in compression and tension.  A comparison with 
experimental data has also been presented with an earlier version of the present model derived 
from purely mechanistic arguments [20].  It is noteworthy, that the present work utilizes 
significantly revised inter-granular force-displacement relationships derived in thermomechanical 
framework that permit modeling of phenomena not addressed in the previous versions.  
Cementitious materials modeled here are assumed to be initially isotropic, but since inter-granular 
interactions oriented in different directions experience different damage and plasticity at different 
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loading levels, as discussed in the case of axisymmetric loading, the material will exhibit 
anisotropic behavior (called induced anisotropy) once it has been loaded in one particular 
direction. 
The effect of induced anisotropy is illustrated by a set of two-stage simulations.  The loading 
process is shown in Figure 3.10a by the solid line passing through the origin.  In stage 1, a 
proportional loading originating from unloaded state is first applied up to a prescribed load-level 
given as a fraction of the uniaxial compressive strength, σy.  In stage 2, several different 
proportional loading paths that originate from the end of stage 1 are applied until failure is 
achieved.  Figure 3.10b shows calculated failure envelopes.  It is seen that the failure surface 
derived in this manner is different from the one derived for the material which has not experienced 
the initial loading. The effect of induced anisotropy can be clearly seen as the envelope no longer 
retains its symmetry about σ11=σ22 line.  Moreover, the effect of induced anisotropy becomes larger 
with the stage 1 loading-level, such that the failure stress magnitude along some stress-paths could 
be ~20% smaller than that of the virgin material.   
In Figure 3.11, the failure behavior under triaxial loading is shown.  For computing the triaxial 
behavior, the stress components are varied such that, σ11=Acos()sin(), σ22=Asin()sin() and 
σ33=Acos(), where A is the loading stress-level,  and  are constants between [0-2π] and [0-π], 
respectively such that 2 2 2
11 22 33 A     .   If =π/2, then the biaxial stress-path is recovered.  
Again the failure was identified by singularity of the symmetric part of tangent stiffness matrix 
using the numerical criterion used for biaxial loading case.  The stress state corresponding to failure 
is plotted as a point cloud on the stress space σ11-σ22-σ33 as shown in Figure 3.11, which gives 4 
different views: row 1 gives the isometric view and the subsequent rows present views along z-, 




Figure 3.11 Triaxial failure envelopes for material from the unloaded stage (a1-a4), material initially loaded 
in compression hydrostatically up to 20 MPa (b1-b4), material initially loaded in compression biaxially up 
to 20 MPa (c1-c4). Different views presented are the isometric 3D view (a1-c1), top view (a2-c2), front 





The failure surfaces in Figure 3.11a are for material loaded from an initial unloaded state.  It should 
also be noted that the hydrostatic compression direction reaches failure in a stress level which is 
significantly greater than the uniaxial compressive compression strength.  In hydrostatic 
compressive loading, all inter-granular interactions are compressive in normal direction and in 
tangential direction there is no force or displacement.  Compressive force-displacement 
relationship has a horizontal asymptote as it can be seen in Figure 3.1a and the asymptote happens 
later as the mean pressure increases.   
In Figure 3.11b and 3.11c the effects of induced anisotropy caused by an initial loading is shown, 
by performing the loading in two stages.  In the simulations leading to Figure 3.11b, the material 
has been initially loaded in hydrostatic compression up to σ11=σ22=σ33=20 MPa and then in stage 
2, loaded in different directions until failure state defined previously is reached.  In Figure 3.11c, 
the initial compressive loading is performed in biaxial plane (σ33=0) up to σ11=σ22=20 MPa and 
then the material is loaded up to failure in different directions.  The failure stress states are plotted 
as point clouds to represent the failure envelope.  In the 3D views of the failure surfaces (Figures 
3.11a1, 3.11b1, 3.11c1), the vector normal to the “π-plane” is also included (solid line) to facilitate 
visualization of the failure surface.  The views of the 3D failure surface are presented in Figure 
3.11 which show the effects of the anisotropy induced in the material by stage 1 loading.  It is seen 
that the failure surface derived for the material initially loaded in hydrostatic compression (Figure 
3.11b) has significantly changed in size compared to that of the virgin failure envelope (Figure 
3.11a).  The surface belonging to the material initially loaded in biaxial direction (Figure 3.11c) 
also appears to have rotated.  Since the initial loading was in xy plane, the rotation is visible in 
Figures 3.11c3 and 3.11c4.  In addition, the size of the failure envelope has increased significantly 
compared to the virgin failure envelope.   
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When the material is loaded hydrostatically in all its inter-granular contacts, regardless of their 
direction, only normal forces and displacement components of the same magnitude will develop 
and no contact will have tangential force or displacement components.  It is clear that since all 
grain interactions are experiencing the same loading history, no anisotropy will be introduced in 
the material in the sense of implying different behavior in different directions.  At the end of stage 
1 in this type of loading, parameters defining the constitutive equations for all grain interactions 
have the same values and they all behave in the same manner. So the failure envelope does not 
rotate and only changes size because the constitutive parameters have changed compared to those 
of the virgin material.  However, in the case of material being previously loaded biaxially, it is 
clear that grain interactions in different directions will undergo different force-displacement 
history in both normal and tangential directions.  Thus at the end of loading stage 1, interactions 
in different directions will react differently to the next loading phase due to their different 
constitutive parameters.  This then implies that the macroscopic behaviors in different directions 
will be different leading to rotation of the failure envelop seen in Figure 3.11c. 
It is noteworthy, that different mechanisms lead to failure under different loading paths.  The 
failure mechanism at the macro-scale can be investigated by considering the evolution of 
eigenvalues of the symmetric part of tangent stiffness matrix.  The eigenvalues represent the six 
Kelvin deformation modes [85].  In Figure 3.12, we show the evolution of eigenvalues with loading 
for 4 loading paths – hydrostatic compression (Figure 3.12a), biaxial compression (Figure 3.12b), 




Figure 3.12 Eigenvalues of the tangent stiffness tensor for the material under hydrostatic compression (a), 
biaxial compression (b), uniaxial compression (c), and biaxial compression-tension (d). Eigenvalues are 
normalized with three times the bulk modulus. Horizontal axis is normalized with the uniaxial compressive 
strength showing that the failure stress under hydrostatic compression is ~14.5 times, biaxial compression 
~2.5 times, and biaxial compression-tension ~0.2 times of uniaxial strength, respectively 
 
The eigenvalues have been normalized by three times the initial bulk modulus of the material (39 
GPa), which is equal to the highest eigenvalue in the unloaded state.  The three eigenvalues in the 
unloaded isotropic state represent the dilatational and shear modes in a descending order.  The two 
shear modes are related by factor 2.  In the case of hydrostatic loading (Figure 3.12a), as the loading 
progresses, the material isotropy is maintained such that only 3 eigenvalues are obtained and the 
two shear modes are related by factor 2.  In this loading case, the eigenvalues first increase as the 
material experiences stiffening, reach a peak and then decrease till material failure which is clearly 
governed by the dilatational mode.  In the remaining three cases of biaxial compression, uniaxial 
compression, and biaxial compression-tension, loading results in anisotropy, such that there are 5 
distinct eigenvalues and their associated deformation modes which are combination of extension, 
 


















































compaction, and shear.  In these three loading cases, the failure is governed by the mode that 
combines extension and compaction.   
It is observed from Figure 3.11 that the tensile failure strength, represented by the root mean square 
of failure stress, is significantly higher under isotropic loading (σ11=σ22=σ33) in comparison to that 
under uniaxial loading (σ110, σ22=σ33=0).  This observation as well as the predicted characteristic 
shape of the failure envelope in the tensile octant in Figure 3.11 and tensile quadrant of Figure 
3.10 agrees with those widely reported for cementitious materials under triaixial and biaxial 
loading (see for example [86]).  
In Figure 3.13, the stress-strain curves as well as the eigenvalues of the symmetric part of tangent 
stiffness matrix under hydrostatic and uniaxial tensile loading are presented.  The peak stress under 
isotropic loading is σ11=σ22=σ33=3MPa, such that the tensile strength is 5.2 MPa.  In contrast, 
under uniaxial loading the strength is 3.4 MPa.  The failure in the two cases is governed by different 
mechanisms as seen from the evolution of eigenvalues in Figure 3.12b and 3.12d.  In the 
hydrostatic loading case, the behavior is exclusively governed by the inter-granular behavior in 
the normal direction.  The grain-scale mechanism is reflected in the behavior of the eigenvalue 
corresponding to the dilatational mode which reaches zero and hence governs the material failure 




Figure 3.13 Stress-strain curves (a and c) and eigenvalues of the tangent stiffness tensor (b and d) for the 
uniaxial tensile loading and hydrostatic tensile loading cases, respectively 
 
However under uniaxial tension, loading develops in both normal and tangential inter-granular 
directions as shown in Figure 3.14, resulting in dissipation of energy through multiple 
mechanisms.  Thus in uniaxial loading, the material reaches failure sooner than what is indicated 
by Von-Mises type failure criteria.  Again, the grain-scale mechanism is reflected in the behavior 
of the eigenvalue corresponding to the combined mode which reaches zero and hence governs the 
material failure as seen from Figure 3.13c.   
 



































































Figure 3.14 Inter- -directions for a uniaxial tensile test: 
existence of tangential force (b) and displacement (c) and mixed-mode nature of deformation and failure 
can be discerned 
 
3.6.4 Behavior under strain control loading 
 
 
Many laboratory tests on cementitious materials are performed by controlling the boundary 
displacements.  The results of these tests can be simulated by assessing the stress-strain behavior 
under strain controlled loading.  In Figure 3.15, the results from simulations of a ‘so called’ 
constant displacement ratio test are presented.  In this simulation, two principal strains are 
specified with a negative constant ratio, such that d11/d22=γ (constant), where the axial strain, 
11, is compressive while the lateral strain, 22, is tensile.  In addition, a confining stress is 
maintained in the third direction, such that σ33/σ11=constant.  Figure 3.15 plots the axial stress, σ11, 
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versus the lateral stress, σ22, for different values of γ and σ33/σ11=0.1 (note that compression is 
shown as positive in this plot).  
 
Figure 3.15 Results from simulations of constant displacement ratio tests showing the calculated stress-
paths for different strain ratios, γ=dε11/dε22, and σ33=0.1 σ11. The bottom right inset presents the evolution 
of volumetric strain versus the axial strain. The top left inset presents experimental data from the literature 
 
The simulated curves replicate the experimental observations reported by [55] and shown as top 
left inset in Figure 3.15.  At low loading levels, the resultant stress components, σ11 and σ22, are in 
the pre-peak phase.  As the loading progresses, the stress component in lateral direction, σ22, 
reaches a peak tensile stress, and eventually becomes compressive.  At this state, all the three 
principal stress components are compressive.  Upon further loading, the stress component in the 
compression direction, σ11, reaches failure and can undergo softening leading to overall material 













































is determined by the ratio, γ.  This result is a clear manifestation of directionally dependent 
nonlinearity that evolves with loading.  For γ=-0.6, the grain interactions whose orientations are 
closer to 2-direction experience larger tensile loading, such that they achieve peak forces and 
softening.  The tensile softening in the 2-direction leads to an induced anisotropy and contributes 
to the overall weakening of the material. 
In contrast, for γ=-0.2, the grain interactions whose orientations are closer to 2-direction 
experience low or even no (for γ=0) tensile loading.  In this case, the material behavior is governed 
primarily by compressive inter-granular behavior and the overall failure occurs at a higher loading 
level caused by a combination of shear and normal inter-granular failure.  For some intermediate 
values of γ, the grain interactions whose orientations are closer to 2-direction may first experience 
tensile loading followed by unloading and subsequent compressive loading.  Clearly, for these 
experiments, the tensile peak observed in the lateral stress, σ22, is not always related to tensile 
failure in the 2-direction which is in contrast to conventional interpretation of these experimental 
results.  Volume strain curves for different values of γ are presented also as an inset in the graph. 
It is seen that in all γ values, the overall behavior of the material is first compressive as expected.  
However, as the loading progresses the material experiences positive (tensile) strain in the 3-
direction leading to an overall dilative response.  
Figure 3.16 gives the simulated results for the volume control tests.  In this simulation, an isotropic 
confining pressure is applied first.  Subsequently, a completely strain control loading regime is 
applied on the material.  Compressive strain increment is applied in the axial direction while in the 
two lateral directions, tensile strain increments equal to dε22=dε33=αdε11 are applied, where α is a 
constant.  The volumetric strain can be calculated as  11 1 2v iid d d       implying constant 
volume in the case where 0.5   .  For α>-0.5, the volume change is compressive, and for α<-
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0.5, the volume change is dilative.  Figure 3.16 shows the resultant stress paths plotted in the 
deviatoric stress, q=σ11–σ22, and mean stress, p=σii/3, space (compression is shown as positive). 
 
Figure 3.16 Stress paths plotted in the deviatoric stress–mean stress (q-p) space for volume control tests 
with different ratios, α, between lateral strain and axial strain. Simulations are done for different initial 
confining pressures of 10, 20, 30, and 40 MPa, respectively. The thick dashed line with filled squares 
represents the envelope derived from Figure 6 and shows the consistency of the results of two different 
simulations. Change of lateral stress vs axial strain is presented in the insets for two initial confining values 
 
The failure envelope obtained under confined loading shown in Figure 3.5 is also plotted in Figure 
3.16 as dark dashed line with square dots.  It is observed that the stress paths under volume 
controlled loading reach failure that agrees with that under confined axial loading, which is also 
in agreement with experimental observations of weakly cemented materials [87, 88].  It is seen 
that for simulation under compressive volume change (α>-0.5), the mean and the deviatoric 
stresses generally tend to increase up to the failure point.  However for the case of large initial 
confinement, p>30 MPa, some softening is observed especially for the case of α=-0.3. 
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In contrast, for simulation under dilative volume change (α<-0.5), the mean stress first decreases 
and then increases until failure. The stress path behavior under compressive and dilative loading 
is governed partly by the stress evolution in the lateral direction as the loading progresses.  In the 
insets, we plot the lateral stress, σ22, against the applied axial strain, ε11, for two initial 
confinements, p=10 MPa and 40 MPa and different α values.  Except for the highly compressive 
case of α=-0.1, the lateral stress first undergoes unloading, in some cases into tensile regime, 
followed by varying rates of reloading.  The inter-granular orientations close to the lateral direction 
first unload and reach failure under tensile conditions.  Thus the material is unable to sustain further 
lateral loads, except in the case of large initial confinement.   
 
3.7 Summary and Conclusions 
 
 
In this chapter a granular micromechanics model applicable to damage and plasticity of 
cementitious material is formulated and derived in thermomechanics framework.  The resultant 
model is found to capture many features of the macroscopic and microscopic behavior exhibited 
by these materials.  We observe that continuum models for materials that show damage and 
plasticity abound in the literature (see reviews in [89, 90] as well as some recent models that 
include more refined description of damage and plasticity including nonlocal effects [64, 65, 91-
95]).  These citations, that represent only a small subset of a vast literature base, proceed from 
purely continuum concepts and require a priori assignment of a complex set of evolution laws 
regarding yield criteria, plastic potentials, damage and hardening functions, that have to be 
phenomenologically motivated.  In the absence of adequate experimental results the formulation 
of such evolution laws becomes rather daunting.  The advantage of the presented approach is that 
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it uses simple scalar functions defined for interactions of two neighboring grains.  Thus, the 
macroscopic response is obtained as integration of the responses of inter-granular pair interactions 
in all different directions, whereby the material’s microstructure and the corresponding 
micromechanical characteristics are inherently included in the macroscopic behavior.  
Furthermore, the derived model can be used to describe behavior of different material systems that 
possess granular characteristics by specifying two scalar functions at the grain-pair interaction, 
namely the free energy function and the dissipation potential function.   
Using the dissipation potential and free energy functions along with the macroscopic 
thermodynamic constraints, a Clausius-Duhem type inequality applicable to grain-pair interaction 
was found.  The inequality was applied to find inter-granular constitutive equations that 
incorporate damage and plasticity, and include unified loading-unloading-reloading criteria at the 
grain-scale.  The derived model was then particularized to simulate cementitious materials’ 
behavior. Microscopic constitutive equations and their corresponding parameters were defined 
such that the resulting overall macroscopic response is compatible with the known behavior of the 
material under consideration.  For this purpose, following the previous efforts on modeling these 
materials using granular micromechanics, modifications to inter-granular constitutive equations 
were made.  By using appropriate choices of the grain-scale damage functions and the parameters 
of the microscopic constitutive equations, compressive-tensile asymmetry in macroscopic 
behavior was ensured.  In the normal direction the stiffness coefficient was taken to be dependent 
on mean stress to model the effect of stiffening under compression.  In the tangential direction, the 
damage functions were formulated to be dependent upon both tangential and normal 
displacements, and the mean pressures thus incorporating the effects of friction and confinement 
on shear behavior.   
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The model parameters were calibrated by fitting the experimental data corresponding to 
conventional triaxial test results.  The simulations were performed for axisymmetric triaxial 
loadings with different confining pressures, biaxial loading, confined cyclic loading, confined 
volume control loading, and constant displacement ratio tests.  The results were seen to agree very 
well with the available experimental data in the literature.  Notably, the model provides insight to 
the grain-scale behavior within a continuum material point responsible for different macroscopic 
features of the material.  By observing the evolution of inter-granular forces and displacements the 
mechanisms that govern the experimentally observed phenomena are explained.  Detailed analyses 
are performed to understand the relationship between grain-scale mechanisms and macro-scale 
behavior of volume change, softening, and failure behavior under different multi-axial loading 
conditions.  These reveal interesting correspondence between microscopic inter-granular 









4 FAILURE, AS A FUNCTION OF LOADING PATH AND EFFECT OF 
INTERMEDIATE PRINCIPAL STRESS 
 
 
In this chapter, the nonlinear damage-plasticity model derived in Chapter 3, in the context of 
granular micromechanics approach, has been applied for studying failure of cementitious and rock-
like materials.  Inspired by the results of simple loading scenarios in both two- and three-
dimensions, (see Figures 3.10 and 3.11), the author decided to study the complex phenomenon of 
failure more in depth.  
The work in this chapter is focused upon different failure criteria that are in use as well as study 
of the different mechanisms involved in load-bearing and failure.  This work is currently under 





Failure and instability are key interrelated phenomena that govern the mechanical behavior of 
material and structural systems [81, 97, 98].  Failure is most appropriately described as a sequence 
of events which progressively take the material from the initial stable state into an unstable and 
discontinuous state [99, 100].  The essential feature of a material system at failure stage is that it 
cannot continue bearing further external load which is often characterized by its inability to sustain 
higher stress (i.e. 0ij  ).  Consequently, the failure criterion may be defined as  min 0ijklC   
where λ is the eigenvalue and Cijkl is the tangent stiffness tensor.  However, in practice, material 
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failure criteria are seldom specified in this form.  In some case, material failure criteria are defined 
in terms of displacement, displacement gradient, strain or invariants of strain tensor [101].  Such 
criteria, which in the most general case can be written as   0ij F , have the practical advantage 
that strains can be conveniently measured during loading.  Strain/elongation based failure criteria 
was stated as early as the 17th century by Mariotto [102] and similar criteria was advanced by Saint 
Venant [103].  In this type of model, it is assumed that the material fails when the maximum strain 
reaches the value of strain and yield point in simple shear test.  Failure criteria are also written in 
terms of energy, that is   0ij ij  F , such as those of maximum strain energy or maximum 
distortional energy [104].  But most commonly, failure criteria are described as a general function 
of the stress tensor acting on the material, which in its most general case can be written as 
  0ij F .   
The general form of failure criteria as a function of the stress tensor can be visualized as a surface 
in the 3-dimensional (3D) stress space where the coordinate axes represent the three components 
of principal stress.  For many geomaterials, failure has been observed to often occur along planes.  
Thus, some classical failure criteria have been written as functions of the normal and tangential 
components of the stress acting on that specific plane.  In these cases, the failure criteria, which 
were initially written in 3D stress space, are usually transformed into a function in the 2D plane of 
normal-tangential stress.  Naturally, the failure state is defined as a critical combination of normal 
and tangential components of stress (σ and τ) on a plane of a critical direction (such as the Mohr-
Coulomb failure criteria).  Defining failure in this manner, typically, results in the neglect of the 
intermediate component of principal stress since the maximum shear stress is a function of the 
maximum and minimum components of principal stress alone and is independent of the 




Figure 4.1 Failure criteria on normal-tangential stress plane 
 
 
Conventional axisymmetric triaxial tests are ideal experiment settings for evaluating such a failure 
criteria and are widely used for measuring failure behavior of geomaterials [105, 106].  In these 
tests, which are usually performed on cylindrical samples, the specimen is first loaded 
hydrostatically until a desired level of confinement is reached.  Subsequently, while keeping the 
two components of lateral stress constant, the vertical stress is increased incrementally until the 
desired level or the failure state.  It is evident that in these experiments, during the whole loading 
process, the two lateral components of stress tensor are equal.  Thus the minimum and intermediate 
components of stress tensor (σ3 and σ2 respectively) are equal during the loading process and at 
failure, and hence, there is no effect of intermediate principal stress.  True triaxial tests for rocks 
and other geomaterials were developed in late 1960s and early 1970 (see for example Mogi [107-
109] and [110] for a comprehensive historical account) in order specifically to illustrate the effects 
of intermediate principal stress.  In these experiments, rectangular prismatic specimens are loaded 
in three orthogonal directions such that throughout the experiment the three principal stresses can 
vary independently and it is possible to reach failure at a state in which none of the two principal 
stresses are equal.  The true triaxial tests show that failure stress does depend on the intermediate 
principal stress in contrast to the results of failure criteria in terms of stress components on the 
  
      
σ1 σ2 σ3 σ 
τ 
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shear failure plane [110].  In the past decade or so, Haimson and coworkers [111-113] have 
conducted comprehensive true triaxial tests on different rock samples demonstrating the effects of 
intermediate principal stress on both the failure stress state and failure direction.   
Further, as it is clear from the expression   0ij F , even the most general form of failure criteria 
presented in terms of stress tensor neglects the effect of loading path.  Using such criteria, failure 
is defined as a function of the stress state.  But it is well known that failure is the cumulative effect 
of the loading process through which the material transforms from a continuous state to an unstable 
state.  Since the response of a material to loading depends upon the loading-path, as noticed 
experimentally for different materials [114-116], failure stress should also be a function of the 
loading-path rather than stress state itself. 
In this chapter, the nonlinear damage-plasticity method of granular micromechanics presented in 
Chapter 3 has been used to study failure of cementitious and rock-like materials. Since the grain-
pairs oriented in various directions experience their own unique loading history, the failure stress 
state depends upon all components of stress tensor.  Similarly, the orientation of the failure plane 
also depends on the collective responses of grain-pair interactions.  In addition, since the micro-
scale contact force laws are nonlinear, the material’s overall response is highly loading path 
dependent as the grain-pair interactions in various directions experience unique loading histories.  
During a loading path, grain-pairs oriented in various directions can be in different loading stages 
including initial loading, hardening, softening, and unloading, or reloading stages.  As a 
consequence, the response of the material at any loading stage is not only a function of the stress 




4.2 Loading procedures 
 
 
The derived granular micromechanics model (See Chapter 3) is used to demonstrate the effect of 
(1) intermediate principal stress, and (2) loading path on the failure stress state and failure plane 
orientation in cementitious materials.  Two different types of triaxial loading paths (denoted here 
as Type 1 and Type 2) have been simulated in order to illustrate the aforementioned effects (shown 
in Figure 4.2).  Loading of Type 1 has been previously used in rock mechanics [110, 112] to 
illustrate the effect of intermediate principal stress on failure state.  In this loading process, as seen 
in Figure 4.2a, the material is initially loaded hydrostatically in compression until a prescribed 
confinement level is reached.  One of the stress components, σ3, is then kept constant and the other 
two increased further to a prescribed level.  The intermediate principal stress, σ2, is then kept 
constant at this prescribed level while the major principal stress, σ1, is increased until failure is 
reached.  Note that all these loadings are performed in linear fashion and with identical loading 
increments for all components of stress.  It is clear that in this type of loading, stress components 
at failure point are ordered as σ3 = σconf ≤ σ2 ≤ σ1.  In this study, the material response have been 
simulated for different levels of confining stress (σ3=σconf) as in the physical experiments.  Further, 
for every confining stress (σ3=σconf) value, the simulations have been performed for different levels 
of intermediate principal stress, σ2. 
 
To evaluate the loading-path dependency of material response, an alternative loading sequence, 
denoted as Type 2, was simulated.  In this alternative loading sequence, depicted in Figure 4.2b, 
all the three principal stress components are monotonically increased but with different values of 
stress increments for the three principal stresses.  The increment sizes are defined by dividing the 
failure stress states computed for each simulation in Type 1 loading by the desired number of 
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increments.  The expectation is that in this way the three stress components will increase 
monotonically towards the Type 1 loading failure stress state.  The intention is to investigate 
whether the material will fail at a different stress state than that of Type 1 loading path.  As seen 
in Figure 4.2, a key aspect of Type 2 loading is the absence the initial hydrostatic confinement 
which is applied in Type 1 loading.  
 
Figure 4.2 Schematic of the applied principal stress components for (a) Type 1and (b) Type 2 loading paths. 
Schematic representations of: (c) the two types of loading paths in the octahedral plane, and (d) the 
evolution of Lode angle during the loading paths 
 
The difference between the two types of loading is best seen in the octahedral stress space shown 
in Figure 4.2c.  In loading of Type 1, during the hydrostatic phase of loading, octahedral shear 
stress remains zero and only the octahedral normal stress is increasing.  Subsequently, the 
octahedral shear stress increases as the minor principal stress is held constant, and once the 







































becomes larger.  In contrast, for Type 2 loading, both shear and normal components of octahedral 
stress increase monotonically with a constant slope during the entire loading procedure.  In Figure 
4.2d the evolution of Lode angle [117] during the loading process for the two loading Types is 
presented.  Lode angle is shown, experimentally to be an important parameter in defining failure 
[118-121] and failure models for incorporating its effect on failure stress state have been proposed 
(see for example [122, 123]).  It is seen in Figure 4.2d that in loading of Type 1, Lode angle is 
equal to (30°) during the whole hydrostatic confinement process.  Immediately after confinement, 
it reaches the value of 60° and remains constant during the loading phase in which the intermediate 
principal stress is increased.  During the final part of the loading in which both the minor and the 
intermediate principal stresses are constant, the Lode angle decreases to a final value determined 
by the failure stress state.  On the other hand, in loading of Type 2, the value of Lode angle is 
constant during the whole loading procedure and is equal to the final value of Lode angle from 
Type 1. 
4.3 Results and Discussion 
 
4.3.1 Failure in loadings of Type 1 and Type 2 
 
 
For the stress-controlled loading paths, it is expedient to consider the diffuse failure defined as the 
stress state at which the rate of stress increase vanishes.  This failure state corresponds to singular 
tangent stiffness matrix.  In Figures 4.3a and 4.3b, the maximum principal stress, σ1, at failure is 
shown (vertical axis) versus the intermediate principal stress, σ2 (horizontal axis), for the two 
loading types, respectively.  Different curves in the graphs belong to tests with different values of 
minimum principal stress, σ3.  The furthest left point of each curve in both Figures 4.3a and 4.3b 
belong to the conventional triaxial tests in which the intermediate and the minor principal stresses 
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are equal (σ2 = σ3).  Thus by joining the aforementioned points, the failure surfaces for the 
conventional triaxial compression tests are obtained and is shown in thick solid line indicated by 
σ22 = σ33.  The furthest right point of each curve belong to cases in which the intermediate principal 
stress, σ2, is equal to the maximum principal stress, σ1.  These points are joined by the dashed lines 
and indicated by σ11 = σ22 in Figure 4.3.  It is clear that the two thick solid lines (representing 
failure in σ22 = σ33) and also the dashed lines (representing failure in σ11 = σ22) are very different 
for the two different loading types. 
 
Figure 4.3 Maximum principal stress, 11 , at failure versus intermediate principal stress, 22 , for different 
values of minimum principal stress, 33 , in loadings of (a) Type 1 and (b) Type 2 
 
As expected, increasing level of minimum principal stress leads to a higher failure stress for both 
loading types.  However more importantly, for a given minimum principal stress it is seen that the 
failure stress depends upon the intermediate principal stress as seen from the behavior of each 
curve separately.  For both loading types, the maximum principal stress at failure (σ1, shown in 
vertical axis) initially increases by increasing the intermediate principal stress (σ2, shown in 
horizontal axis) up to a peak value and then decreases.  It is also noteworthy that the results in 
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Figure 4.3a are consistent with those given in [107, 112] and summarized in [110] from other 
investigations.  The predicted behavior is, needless to say, at stark variance with many traditional 
failure criteria, such as traditional Mohr-Coulomb, for which all these loading paths would lead to 
failure at the same value of σ1 since the intermediate principal stress does not affect the normal 
and tangential stress components on the failure plane. 
The effect of initial confining stress on the failure state and path dependent nature of material 
behavior is clearly demonstrated by comparing the results from the simulations for Type 1 and 
Type 2 loadings.  The failure stresses derived in Type 1 loading path are significantly higher than 
those in Type 2.  The clear difference in the ability of the material to sustain loads is attributed to 
the difference in the loading-paths.  While it is apparent that failure criteria that ignore the effect 
of intermediate principal stress cannot adequately predict the failure behavior, it is also evident, 
from these results, that even the most general form of failure criteria defined in terms of stress 
tensor   0ij F will not be able to sufficiently describe failure behavior of the material.  A 
successful failure criterion needs to consider the stress-path rather than only the stress state and 
failure criteria that need to evolve with loading path need to be conceived.  The predicted effect of 
loading path is significant as the relative difference between failure-stresses derived from the two 
paths can reach up to 50%.  Failure states for both the loading types in octahedral stress space are 
also presented in Figure 4.4.  As it was clearly seen from Figure 4.2c, in both loading paths the 
normal component of octahedral stress increases during the loading process.  But the evolution of 
tangential octahedral stress is qualitatively different in the two loading types.  In Type 2 loading, 
immediately with the start of loading process tangential component of octahedral stress begins to 
increase.  In contrast, in loading of Type 1 during the hydrostatic confinement, octahedral 
tangential stress is absent.  From Figure 4.4 it is clear that at failure both components of octahedral 
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stress are significantly higher (up to 30%) in Type 1 loading compared to Type 2 loading.  This 
shows that the failure criteria defined in octahedral stress space are also inadequate for predicting 
failure state (see for example [124]).  Clearly, the application of initial confinement has the effect 
of shifting and enlarging the failure surface as briefly introduced in Chapter 3. 
 
Figure 4.4 Failure stress state in octahedral plane for different values of minimum principal stress, 33 , for 
the two loading types (a) Type 1 and (b) Type 2 
 
4.3.2 Macro-scale failure analysis 
 
To understand the failure behavior under different loading paths, it is useful to examine the macro-
scale failure mechanisms.  To illustrate the failure mechanism three loading paths corresponding 
to three confining stress conditions are selected for each loading type.  For the Type 1 loading, 
three values of confining stress are considered a) unconfined case: σconf = 0.0 MPa, b) moderately 
confined case: σconf = 4.0 MPa, and c) highly confined case: σconf = 20.0 MPa.  For each of these 
three confining stresses, three cases of intermediate principal stress are considered as follows: 1) 
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b3 and c1 to c3.  For comparison, the Type 2 loading paths that correspond to the failure stress 
conditions for these 9 cases are also studied.   
The failure mechanism at the macro-scale can be investigated by considering the evolution of 
eigenvalues of the symmetric part of the 6×6 tangent stiffness matrix.  The eigenvalues represent 
the six Kelvin deformation modes [85, 125, 126].  Since the macro-scale failure is defined by 
singular tangent stiffness matrix, it is characterized by the vanishing of one of the eigenvalues.  
Figures 4.5 and 4.6 present the evolution of all the eigenvalues of the tangent stiffness matrix 
during loading for all the aforementioned cases until failure point is reached. 
 
Figure 4.5 Evolution of normalized eigenvalues of the tangent stiffness tensor during the application of the 
9 loading cases (a1-c3) in Type 1 loading until failure 
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For the numerical calculations performed here, the failure point is defined as the point at which 
one of the eigenvalues is equal or less than 0.001 times the corresponding eigenvalue of the initial 
tangent stiffness matrix. 
 
 
Figure 4.6 Evolution of normalized eigenvalues of the stiffness tensor during the application of the 9 loading 
cases (a1-c3) in Type 2 loading until failure 
 
In Figures 4.5 and 4.6, the eigenvalues have been normalized by three times the initial bulk 
modulus of the material, which is same as the highest eigenvalue in the unloaded state.  To further 
facilitate the comparisons, the maximum principal stress (shown in horizontal axis) is also 
normalized by the uniaxial compressive strength (f’c).  The three eigenvalues in the unloaded 
isotropic state for all the cases represent the dilatational and shear modes in a descending order.  
The two shear modes are related by a factor of 2.  For Type 1 loading, the initial maximum 
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normalized eigenvalues for cases b and c (Figure 4.5) are larger than 1 as the material in these two 
cases have been subjected initial hydrostatic loading and as a result the stiffness has increased.  For 
Type 2 loading, in all cases, the initial maximum normalized eigenvalue of the stiffness tensor start 
from 1 since no initial confinement is applied on the material.  As the loading progresses, the 
number of independent eigenvalues increase in all the cases as the material suffers loading induced 
anisotropy. 
An examination of the graphs shows that the number of independent eigenvalues clearly depends 
upon the loading path.  It is noteworthy that the largest eigenvalue representing the dilatational 
model shows an increase (except in cases a1 of Figure 4.5, and a1 and b1 of Figure 4.6) which 
indicates hardening due to increasing mean or octahedral normal stress and may represent an initial 
material volume contraction followed by volume dilation.  In most cases for low confinement and 
small intermediate principal stress, the failure is controlled by a shear mode (see Figures 4.5a1-a3 
and 4.5b1-b2, Figures 4.6a1-a3, b1-b2 and c1-c2) which tends to agree with the shear plane failure 
observed in laboratory tests.  However, for simulations with higher confinement and intermediate 
principal stress, the modes tend to be mixed as almost all eigenvalues tend towards failure criterion 
at the same step.   
4.3.3 Micro-scale behavior; load-bearing and failure mechanisms 
 
 
The difference in results from two loading paths is captured automatically in the method of 
granular micromechanics.  Grain-pair interactions in different directions go through different 
loading histories based upon their directions and the macroscopic loading path.  This accompanied 
by the nonlinear nature of the grain-pair interaction force laws and the possibility of loading-
unloading-reloading switch, results in path dependent macroscopic response from the material.  At 
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any point during the loading process, the state of grain-pair interaction in any direction directly 
depends upon its loading history.  In Figure 4.7, the evolutions of normal and tangential forces 
(vertical axes) are presented versus the normalized value of maximum principal stress.  Columns 
1 and 2 present normal component of force, and columns 3 and 4 show the tangential component 
of force for different polar angles (θ) for the cases where σ22 = σ33 (cases a1, b1 and c1 for Type 1 
and 2 loading paths).  Since the loading is axis-symmetric in this case, the behaviors of grain-pairs 
oriented in different azimuthal directions (ϕ) are same.  Thus only curves giving the evolution of 
forces in the polar angles (different θ) are presented.   
 
Figure 4.7 Normal and tangential components of forces for different polar angles in loadings of Type 1 (first 
and third columns) and Type 2 (second and fourth columns) for cases where the minimum principal stresses 
are 0 (case a1, first row), 4 MPa (case b1, second row), and 20 MPa (case c1, third row) 
 
 
From Figure 4.7, it can be observed that for the case of zero minor principal stress (set of curves 
in top row) both Type 1 and 2 behaviors are identical since the initial conditions are the same.  In 
contrast, for cases with non-zero minor principal stress, all the directions are initially under 
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compression for Type 1 loading, while for Type 2 loading the initial normal forces are zero.  As 
loading progresses, the grain-pairs oriented in the direction of loading experience compression and 
those inclined in the direction perpendicular to loading experience unloading for Type 1 loading 
and tension for Type 2 loading.  In addition, grain-pairs oriented in the intermediate directions 
which are under compression in early part of the loading, at some point, due to the macroscopic 
dilation, go through unloading and eventually experience tension.  The effect of normal component 
on the tangential component of force vector can be readily seen by examining the tangential force 
curves.  It is seen that the tangential force components for directions which are under compression 
are significantly higher than those of the tensile directions. 
Also, the grain-pairs which are initially under compression and go through compressive unloading 
and finally become tensile, exhibit change of stiffness in tangential direction.  For loading with 
non-zero minor principal stress, since all directions are initially under compression for Type 1 
loading, their unloading and tensile failure in the normal direction as well as shear failure are 
delayed in comparison to the Type 2 loading.  This difference in the micro-scale distribution and 
evolution of grain-pair behavior eventually results in considerably stiffer behavior with higher 
failure strength for Type 1 loading compared to Type 2 loading.  In addition to the macroscopic 
strength behavior, the discontinuities observed in the eigenvalues of stiffness matrices shown in 
Figures 4.5 and 4.6 correspond to the tensile grain-pair failures.  When the grain-pair interactions 
that are undergoing tension fail, they cause minor instabilities in the macroscopic response of the 
material which manifest as discontinuities in eigenvalues of the stiffness tensor. 
Similar micro-scale analysis is performed for other loading cases (with different relative values of 
minimum, intermediate, and maximum principal stress components) to understand the load bearing 
and failure mechanisms of the material and their load path dependence.  Here the evolution of 
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normal and tangential components of inter-granular force vectors for other cases that were 
simulated, which include cases a2, a3, b2, b3, c2, and c3 for both loading types 1 and 2 are 
described.  Analysis of the evolution of force vectors for these cases is different from those for the 
axisymmetric cases (a1, b1, and c1).  In these loading cases, the lateral components of stress tensor 
(σ22 and σ33) are not equal and thus loading is not axis-symmetric.  So the behavior of grain-pair 
interactions in different directions inside the 2-3 plane will not be identical.  For this reason, study 
of the behavior of grain-pair interactions in different azimuth directions is also required. 
In loading of Type 1, case a2, the material is first loaded, in biaxial direction until σ11 = σ22 = 30 
MPa and is then loaded uniaxially in 11 direction until failure (loading path for which the 
eigenvalue behavior is shown in Figure 4.5.a2).  Loading of Type 2, case a2, also corresponds to 
a loading path in which σ33 is always kept at zero while σ22 and σ11 are increasing linearly but with 
different increments (The evolution of eigenvalues of the stiffness tensor for this simulation is 
shown in Figure 4.6.a2).  In Figure 4.8, the evolution of normal and tangential components of 
inter-granular force vectors in different directions are presented for loading of case a2, in both 
Type 1 and 2.  Note that the grain-pair interactions for which the azimuth angle (ϕ) is 0°, 45°, and 
90° are chosen and shown in, the first row (Figure 4.8.a-d), the second row (Figure 4.8.e-h), and 
the third row (Figure 4.8.i-l) respectively.  Note that the same numbering scheme is used for all 
figures in this section (Figure 4.8 through 4.13).   
For Type 1 loading, it is seen that for the grain interactions where ϕ = 0 (grain-pair interactions 
lying on the 1-2 plane), during the loading sequence where σ11 = σ22 normal components of force 
are all equal and tangential components are zero.  Also, these directions always remain 
compressive through loading and never experience any unloading or tension and thus their 
tangential force components are also monotonically increasing because the amount of compressive 
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force on them is always increasing (See Eq. 3.38 for the dependence of the tangential damage 
parameter on normal displacement component).   
 
Figure 4.8 Normal and tangential components of forces for different polar angles in loadings of Type 1 and 
Type 2 in azimuth angles of 0, 45, and 90 degrees (first, second and third rows respectively) for σ3=0.0 
MPa and σ2=30 MPa 
 
In other azimuth directions however (45° and 90°), some polar angles are experiencing 
compressive loading and consequently high tangential forces, while other directions experience 
compressive unloading and even tensile loading and consequently smaller tangential force and 
tangential strength.  In this case also, it is seen that the discontinuities present in the eigenvalues 
of the stiffness tensor (seen in Figure 4.5.a2 and Figure 4.6.a2) correspond to failures of the 
tangential contacts.  It is interesting to note that the results for the two types of loading (Type 1 
and 2) are just marginally different (1% difference in the failure stress is seen).  This similarity in 































































































































































































































































the in the microscopic scale is reflected in the macroscopic stress conditions.  For this case, neither 
of the two loading paths have an initial confining stage.  
In loading of Type 1 and 2, case a3, the specimen is loaded biaxially (σ1 = σ2) until failure is 
reached without any initial confinement.  Note that this loading scheme is identical for both types 
1 and 2.  The normal and tangential components of force vector for different directions are 
presented in Figure 4.9. 
 
Figure 4.9 Normal and tangential components of forces for different polar angles in loadings of Type 1 and 
Type 2 in azimuth angles of 0, 45, and 90 degrees (first, second and third rows respectively) for σ3=0.0 
MPa and σ2=60 MPa 
 
Considering the macroscopic stress tensor in this condition, it is evident that all grain-pair 
interactions that lye in the ϕ = 0 plane will have the same amount of normal force and thus no 
tangential force will develop in that direction.  In other azimuth directions, some polar directions 
are always under compression while others experience unloading and eventually tension.  The 






















































































































































































































































Type 1; σconf=0.0 MPa 
 
Type 2 Type 1; σconf=0.0 MPa 
 
Type 2 
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effect of this change of normal force is seen in the tangential force as well.  Again, note that the 
discontinuities in the eigenvalues of the stiffness matrix (Figure 4.5a3 and Figure 4.6a3) coincide 
with the failure of tensile contacts. 
Same comparison has been made for cases b and c (σconf = 4 MPa and σconf = 20 MPa).  Normal 
and tangential components of force vectors for case b2 are shown in Figure 4.10.(a), (e), (i) and 
Figure 4.10.(c), (j), and (k), respectively for Type 1 loading.  And for the corresponding Type 2 
loading the force evolution is given in Figure 4.10. (b), (f), (j) and Figure 4.10. (d), (h), and (l) 
respectively.  
 
Figure 4.10 Normal and tangential components of forces for different polar angles in loadings of Type 1 
and Type 2 in azimuth angles of 0, 45, and 90 degrees (first, second and third rows respectively) for σ3=4.0 
MPa and σ2=44 MPa 
 






































































































































































































































Type 1; σconf=4.0 MPa 
 











In this case, it is seen that, the results from the two loading types are significantly different.  The 
Type 1 is characterized by an initial confinement, while for Type 2 loading there is a monotonic 
increase of all components of principal stress simultaneously but with different increments in 
different directions.  This difference results in significant qualitative and quantitative differences 
between the microscopic responses of the material to the two loading types. 
In loading of Type 1, after the initial hydrostatic pressure and during the biaxial loading, normal 
contacts in the directions where ϕ = 0 experience the same amount of normal force (biaxial loading 
σ11 = σ22) and zero tangential force.  In the subsequent loading sequence, these directions always 
experience compressive loading and the tangential forces are always increasing.  In other azimuth 
directions (ϕ =45° and 90°) however, some polar directions experience further compression and 
some undergo compressive unloading and eventually tensile loading and failure.  In loadings of 
Type 2, however, no hydrostatic confinement or biaxial loading is applied.  The three components 
of stress are always increasing and with different increments.  Thus normal components of force 
vector in all directions evolve differently.  Some only experience compressive loading (such as 
those in the azimuth direction of ϕ = 0) while others experience compressive unloading and tensile 
loading as well.  In the planes for which ϕ = 45° and 90° all these different cases can be found.  
The effects of these different loading stages exhibit themselves in the tangential components of 
force vectors too.  So it is seen that in this case, loading of Type 2 results in failure significantly 
earlier than Type 1.  The underlying reason is the change in the behavior of grain-pair interactions 
due to the presence or lack of hydrostatic and biaxial loading stages.  
In simulation for case b3, the normal and tangential components of inter-granular forces for Type 
1 loading have been presented in Figure 4.11.(a), (e), (i) and Figure 4.11.(c), (g), and (k) 
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respectively.  And for the corresponding Type 2 loading, the forces are given in Figure 4.11.(b), 
(f), (j) and Figure 4.11.(d), (h), and (l) respectively. 
 
Figure 4.11 Normal and tangential components of forces for different polar angles in loadings of Type 1 
and Type 2 in azimuth angles of 0, 45, and 90 degrees (first, second and third rows respectively) for σ3=4.0 
MPa and σ2=84 MPa 
 
In this case in both loading types (Type 1 and Type 2) and during the whole loading stage, the two 
horizontal components of stress are equal, σ2 = σ3.  So in the directions where ϕ = 0 the normal 
force components are all equal and compressive and no tangential components in the inter-granular 
force vector develops.  However in other two azimuth directions (ϕ =45° and 90°), the grain-pair 
that are more inclined to the vertical direction are compressive while those inclined towards the 
horizontal direction experience unloading and eventually tension.  The effect of the qualitative and 







































































































































































































































Type 1; σconf=4.0 MPa 
 












quantitative change of normal response on the tangential response can also be seen in the evolution 
of tangential components of force. 
Same analyses have been done for the cases where minimum principal stress is 20 MPa and the 
results for both loading types are presented in the following graphs.  Figure 4.12 presents the forces 
for the case where at failure σ3 < σ2 < σ1 (Case c2) while Figure 4.13 shows the results for the case 
where σ3 < σ2 = σ1 (Case c3). 
 
Figure 4.12 Normal and tangential components of forces for different polar angles in loadings of Type 1 
and Type 2 in azimuth angles of 0, 45, and 90 degrees (first, second and third rows respectively) for σ3=20 
MPa and σ2=85 MPa 
 
The results in Figures 4.12 and 4.13 are similar to Figures 4.10 and 4.11 respectively.  The only 
difference is that in Figures 4.12 and 4.13 the confinement is equal to 20 MPa (for Type 1) while 
in Figures 4.10 and 4.11 it is 4 MPa.  This in turn plays an important role in the large difference 







































































































































































































































Type 1; σconf=20 MPa 
 











between the failure stresses for the two loading types.  Since in loadings of Type 1 the material 
has experienced a relatively large amount of confinement (20 MPa) and this is missing in Type 2, 
loading of Type 1 results in a much higher failure stress compared to Type 2 (See Figure 4.12 and 




Figure 4.13 Normal and tangential components of forces for different polar angles in loadings of Type 1 
and Type 2 in azimuth angles of 0, 45, and 90 degrees (first, second and third rows respectively) for σ3=20 
MPa and σ2=160 MPa 
 
Note that in these two cases, there is a significant part of the loading process for which in loading 
of Type 1, no tangential force is developed in any direction, while in Type 2 the tangential forces 
develop from the very beginning of the loading procedure.   This contributes to a higher strength 
for Type 1, because tangential force components will fail later.  Further, in loadings of Type 1, 




















































































































































































































































most of grain-pair interactions remain compressive or go through unloading very late in the loading 
process.  While in Type 2, from the beginning, there are many grain-pair interactions that go 
through tensile loading and will natural fail very early.  The additive effect of these two 
mechanisms (normal and tangential) contribute to a much higher failure strength in Type 1 
compared to Type 2 (72% increase in failure strength in case c2 and 62% increase in case c3). 
 
4.3.4 Localized failure and fault angle 
 
 
The orientation of macro-scale failure plane, known as fault angle, can be investigated by 
considering the localized failure that manifest as discontinuities in the displacement gradient field 
leading to localization of weakened discontinuities within the material [29].  To evaluate the 
localized failure it is necessary to calculate the localization matrix (also known as the acoustic 
tensor) for all generic directions within the material.  Localization matrix, ij , is the matrix derived 
from contracting the tangent stiffness tensor with the normal vector. 
jl ijkl i kC n n             (4.1) 
It is clear that the acoustic tensor is calculated for a given direction, characterized by its unit normal 
vector, ni.  The material is said to have reached the state of localized failure when the minimum 
eigenvalue of its localization tensor for a given direction vanishes.  The key benefit of evaluating 
localization failure is that the localization tensor is a function of the direction, unlike the stiffness 
tensor which is a property of the material point.  Singularity of localization matrix of a given 
direction implies that failure has localized on that particular plane.  For consistency with 
experimental measurements of failure planes, we call the polar angle between the failure plane’s 




Figure 4.14 Directions of principal Stress components and the fault angle 
 
It is known that for traditional Mohr-Coulomb criterion the failure direction is given as 45°+ϕ/2, 
where ϕ is the friction angle of the material.  However, experimental studies show that for different 
stress states at failure, failure plane directions vary significantly and are not a constant material 
property [97, 112, 127, 128].  Moreover, even in the general case of failure envelopes defined in 
the tangential-normal stress plane (  , 0  F ), although the fault angle is not prescribed by the 
friction angle of the material, it is still only a function of the maximum and minimum principal 
stress components (as it can be inferred from Figure 4.1). 
In the method of granular micromechanics presented here, the macro-scale localized failure is 
determined by the overall cooperative and competitive grain-scale mechanisms which depend on 
all components of the macroscopic stress tensor.  For this reason, failure plane depends on both 
the stress conditions and the loading path.  Variation of fault angle versus the intermediate principal 
stress for all the simulations with Type 1 loading is given in Figure 4.15a.   Different sets of data 















Figure 4.15 The variation of fault angle versus the intermediate principle stress for different values of 
confining stress in loadings of Type 1.  (b) The determinant of the acoustic tensor versus directions for 
Type 1 loading with different values of 22 33 conf     
 
 
It is seen that the fault angle, α, changes within a large interval of 24° to 58° by changing the 
loading conditions in Type 1.  By increasing the amount of minimum principal stress, σ3, the fault 
angle decreases significantly.  For the two limiting cases where the intermediate principal stress, 
σ2, is equal to the minimum principal stress (cases a1, b1 and c1), and also, where it is equal to the 
maximum principal stress (cases a3, b3 and c3) the following two linear relationships are found 
relating the fault angle to the intermediate principal stress 
2 2 3
2 2 1
1.5 55.2;        where      
0.34 76.4;      where       
   
   
   
   
       (4.2) 
Further, fault angle is seen to depend not only on the minimum principal stress, σ3, but also on the 
intermediate principal stress σ2.  For a constant confining pressure, the value of the fault angle 
generally decreases by increasing the amount of intermediate principal stress, however, a 
completely uniform trend is not seen here.  In simulations with zero or small confining pressure, 
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increasing σ2.  Results from experiments on siltstone by Haimson and Rudnicki [112] show also 
decreasing fault angle by increasing σ3.  However they report increasing fault angle by increasing 
the intermediate principal stress σ2 which is in contradiction with the present results.   
It should be noted that minimum principal stress, σ3, and the intermediate principal stress, σ2, both 
lie in the lateral direction and increasing them will result in higher mean stress.  Now the fault 
angle, α, is defined as the angle between normal to the failure plane and the vertical direction.  So 
it is not measured with respect to any of the two horizontal directions, 2 or 3.  Thus it seems 
reasonable that the effects of the two lateral components of stress on fault angle, α, are qualitatively 
similar.  Increasing both of the lateral components of stress leads to decrease in the fault angle (as 
seen in Figure 4.15a).   
Figure 4.15b shows the determinant of acoustic tensor (normalized with its maximum value for 
each particular simulation), in the vertical axis versus direction in the horizontal axis.  The cases 
that are reported here include results from loadings of Type 1, with all different values of confining 
pressure, σconf, and σ2 = σ3 = σconf.  Different curves correspond to different values of minimum 
and intermediate principal stress.  It is observed that the polar angle corresponding to the direction 
at which the determinant of the acoustic tensor becomes zero shifts from larger values (~60) to 
smaller values (~25).  For the cases with small confinement, the determinants of the acoustic tensor 
are largest in the horizontal directions.  While for the cases where confinement is high, determinant 
of the acoustic tensor in vertical directions are highest.  The localized failure is given by the lowest 
point of the curve, which represent the numerical value that was associated with failure as 
discussed in section 4.3.2.  It is noteworthy that failure at low confinement is characterized by 
large fault angle which will manifest itself as shear bands.  On the other hand, failure at high 
confinement is characterized by shallow fault angle and will manifest a combination of compaction 
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and shear bands.  The distinction between these two different mechanisms is a macroscopic one 
[129, 130].  However, the shift from failure due to the formation of shear band to mixed 
compaction or shallow shear bands can be understood from micro-scale mechanisms using the 
study of grain-pair force distributions.  The hardening mechanism implemented in the tangential 
behavior of grain-pair interactions at high confinement (through the definition of Bw in Eq. 3.38) 
ensures that the failure is only partly determined by shearing mechanism. 
The eigenvalues of the acoustic tensor at the failure point for loadings of Type 1 with σ2 = σ3 = 
σconf have been shown in Figure 4.16 for confinement stress of 0, 4, 18, and 20 MPa.  The three 
eigenvalues correspond to one dilatational mode (labeled as P in Figure 4.16) and two shear mode 
(labeled as S in Figure 4.16). 
 
Figure 4.16 Variation of eigenvalues of the acoustic tensors for Type 1 loading where 













































































It is seen that in cases where confinement is low (Figure 4.16a and b), the eigenvalues 
corresponding to the shear mode are lower and responsible for failure and determination of the 
localized failure direction.  However, in cases with high confinement (Figure 4.16c and d), the 
smaller eigenvalue corresponds to dilatational mode which controls the localized failure.   
 
4.3.5 Fault angle with Matsouka-Nakai criterion 
 
 
An alternative approach for determining the fault angle as a function of the principal stress 
components is through the Matsouka-Nakai failure criterion [131] defined as  
  21 2
3




      F      (4.3) 
where I1, I2, and I3 are the first, second, and third invariants of stress tensor respectively and ϕ is 
the internal friction angle.  Using this criterion along with the well-known equation for fault angle, 
α=45°+ϕ/2, it is possible to derive the direction of failure plane.  It is noteworthy that in Matsouka-
Nakai method also since the failure criterion is a function of all the invariants of stress tensor, 
failure state and the failure direction are functions of all the three principal stresses, which is in 
contrast with other traditional criteria which neglect the effect of intermediate principal stress.  The 
internal friction angle, ϕ, relevant to the Matsouka-Nakai failure criterion was calculated using Eq. 
4.3 and the failure stress states obtained from all our simulations.  Figure 4.17 shows the resultant 





Figure 4.17 Fault angle versus intermediate principal stress for different values of minimum principal stress 
for loadings of Type 1 (a) and Type 2 (b), derived using Matsouka-Nakai criterion 
 
From Figure 4.17 it is observed that the failure directions for both loading scenarios are similar 
although the stress values at failure for the two loading types, Type 1 and Type 2, are significantly 
different.  Again it is seen that linear relationships between the fault angle and the intermediate 
principal stress can be found for the limiting cases.  The equations provided in Figure 4.17 for 
these limiting cases are not identical solely due to differences in the failure stress components, but 
the values of the fault angles in two loading types derived with Matsouka-Nakai method are 
identical.  Results from application of Matsouka-Nakai criterion show that the fault angle 
decreases significantly by increasing the minimum principal stress.  Contrary to the results from 
the present method, fault angle is increasing by increasing the intermediate principal stress for the 
constant minor principal stress.  Furthermore, this criterion predicts far larger fault angles than 
those determined by the present method in Figure 4.15a. 
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4.4 Summary and Conclusions 
 
 
Thermo-mechanics based granular micromechanics formulation for the constitutive relationships 
of cementitious materials is applied to study the failure behavior of rock-like cemented granular 
materials under true triaxial loading condition.  A wide range of simulations are performed under 
the true triaxial loading conditions designed such that they represent the model’s ability to capture 
the effect of intermediate principal stress and the loading path on the failure behavior.   
For a given loading path, maximum principal stress at failure is clearly seen to depend upon, in 
addition to the minimum principal stress, the intermediate principal stress component.  As 
expected, maximum principal stress increases with increasing the minimum principal stress 
component.  Moreover, it is shown that by increasing the intermediate principal stress, the 
maximum principal stress will also change, which is in contrast with traditional failure criteria 
defining failure as a function of the normal and tangential components of stress on a failure plane.  
It is observed, in the results of the present model, that by increasing the intermediate component 
of principal stress the maximum principal stress at failure increases, reaches a peak value, and then 
decreases.  This result is seen to conform very well to the recent experimental results. 
Path dependent nature of the material response to loading is also demonstrated in the failure 
behavior through simulations performed for two types of loading paths.  Loadings of Type 1, in 
which an initial hydrostatic confinement is applied on the material, lead to higher strength from 
the material and higher maximum principal stress at failure compared to loadings of Type 2 where 
all principal stress components are increased simultaneously but with different increments.  The 
macro-scale failure mechanism is investigated by considering the evolution of eigenvalues of the 
symmetric part of the 6×6 tangent stiffness matrix which indicate the Kelvin deformation mode(s) 
at failure.  For low confinement and small intermediate principal stress, the failure is controlled by 
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a shear mode.  In comparison, for simulations at higher confinement and larger intermediate 
principal stress, the modes tend to be mixed as almost all eigenvalues tend towards failure criterion 
at the same step.    
Evolution of normal and tangential components of inter-granular force vectors is presented and it 
is seen that the two loading types result in different behavior in grain interactions in different 
directions.  Grain-pair interactions in different directions go through different loading history due 
to their orientation and also the stress state applied on the material.  Most notably, the presence 
and lack of initial hydrostatic confinement (as seen in loadings of Type 1 and 2 respectively) plays 
a significant role in defining the failure stress state.  The effect of confinement, in the micro-scale, 
is characterized by compressive hardening in normal direction and zero force in the tangential 
direction.  Cumulative effect of these two factors ultimately results in a much higher failure stress 
compared to the cases that lack initial confinement.  To a smaller degree, the presence of biaxial 
loading phase (with equal increments in the two directions), has similar effect.  Overall, it is seen 
that the interactions between grains in different directions provides a useful insight to the failure 
from a microscopic view. 
Direction of failure plane is also studied and it is seen that the fault angle also depends on all 
component of the principal stress.  By changing the stress state at failure, fault angle varies in the 
interval of 24° to 58° for loading of Type 1.  In particular, it is seen that the fault angle decreases 
significantly by increasing the minimum principal stress in both loading types.  It is also seen in 
loading of Type 1 that the fault angle decreases with increasing the intermediate principal stress.  
The reason is that both the minimum and intermediate principal stress components are in the 
horizontal direction and lie in the plane perpendicular to the direction of application of axial 
loading.  Thus increasing both horizontal components of principal stress (which leads to increasing 
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the lateral confinement) leads eventually to smaller fault angle.  The eigenvalue analysis of the 
localization tensor shows change in the macro-scale failure mechanism from shear dominated at 
low confinement to a mixture of shear and compaction at higher confinement, which agrees with 
the decreasing fault angle.  Similar transitions from shear to compaction bands have been observed 
experimentally in true triaxial tests on rock samples. 
In general, based on the results presented here, it is concluded that failure criteria in the traditional 
form, defining failure as a function of the stress state, are not sufficient for reliably evaluating 
failure state of the material.  A given stress state might be a failure stress state in a given loading 
path leading to that state, while another loading path reaching that same stress state might not result 
in failure.  Failure is a gradual process that happens through the loading process.  Stress-state at 
any time during the loading cannot be used to evaluate whether the material has failed at that point.  














The motivation to develop the method of granular micromechanics is to have a material model for 
modeling the behavior of a continuum while incorporating effects from micro- (grain-) scale.  In 
this approach, the main advantage stems from the fact that the macroscopic response of the material 
is derived based on the behavior of the grain-pair interactions in all different directions within the 
material point [43, 96].  This results in implementing the differences in the behavior of grain-pair 
interactions in different directions, in both the initial state and also during the loading procedure 
and affected by the loading history, into the macroscopic behavior in an automatic manner. 
But in addition to this, the fact that the macroscopic behavior is derived from interactions between 
grains, makes the method particularly powerful in representing the effects of material’s 
microstructure into the continuum model.  One of the most important microstructural properties of 
the materials is grain size [132].   The effects of grain size on the macroscopic behavior of 
materials, especially cementitious and rock-like materials, has been studied extensively [133-138].  
Recently, Yin et al devised an approach for implementing grain size effect into the macroscopic 
behavior of the material by incorporating its effect into the micromechanical properties of grains 
[139]. 
In this chapter, the nonlinear damage-plasticity granular micromechanics model has been 
enhanced by implementing the effects of grain size into the material model from a grain-scale 
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viewpoint.  The effects of grain size has been implemented on the grain-scale properties, including 
intergranular contact length, inter-granular stiffness coefficients in both normal and tangential 
directions, inter-granular strengths in both normal and tangential directions, and also the volume 
density of grain-pair interactions.  Implementing these effects into the material model, 
macroscopic behavior of the material has been derived as a function of grain size. 
 
5.2 Scaling laws for grain-size effect 
 
 
The objective of this section is to incorporate the effect of size of grains within the material point 
in the modeling procedure.  The granular micromechanics approach used for this study, is the one 
that was formulated and calibrated in Chapter 3.  In order to include the effects of grains sizes in 
the formulation, let us consider two grain assemblies with average grain sizes of d1 and d2.  The 
two assemblies are assumed to be similar otherwise; meaning that properties of contacts and grains 










           (5.1) 
It should be noted that the volume density of grain-pair interactions in the RVE will also be 











          (5.2) 
where α is a numerical parameter that can be different for different problems and will also depend 
on the number of dimensions of the problem (whether the problem is in 1, 2, or 3 dimensions) and 
also geometry of the grains [136].  In any case, it is evident that the value of the parameter should 
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be negative.  Further in order to incorporate the effects of grain-size on the material behavior, the 
initial inter-granular stiffens coefficients are assumed to depend on the grain-size as 
       2 2
2 1 2 1
1 1
     and     n n w w
d d
E E G G
d d
 
   
    
   
     (5.3) 
where β is a numerical parameter that shows how the inter-granular stiffness coefficients depend 
on grain-size.  Considering size-effect law [136], it is evident that value β should also be negative.  
It should be noted that in this equation the subscripts 1 and 2 refer to the number of grain assembly 
only. 
We should also note that by changing the grain size, the relative displacement between neighbor 
grains will also change due to the change in the magnitude of branch vector, il , as seen from Eq. 
5.1.  So the model parameters that represent the position, in displacement axis, where the force 
reaches its peak (See the definition of damage parameters given in Chapter 3) should also change.  
Thus the following size-effect relationships are proposed. 
           2 2 20 02 1 2 1 2 1
1 1 1
;     ;     ;     n n nc nc w w
d d d
B B B B B B
d d d
  
     
       
     
  (5.4) 
Now considering the relationship between different components of inter-granular force and 
displacement vectors (Eq. 3.31) and the micro-scale size-effect relationships provided in Eq. 5.1 
and 5.3, the normal and tangential components of inter-granular force vectors can be shown to 
follow this relationship 
       
1 1
2 2
2 1 2 1
1 1
     and     n n w w
d d
f f f f
d d
  
   
    
   
     (5.5) 
In this manner, the microscopic measures of displacement, stiffness, and force have been modified 
according to the grain size.  Thus the resulting macroscopic measures of stiffness, Cijkl, and stress, 
σij, will be changed automatically.  Substituting Eq. 5.1, 5.2, 5.3, and 5.5 into the relationships for 
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stress and stiffness tensors (Eq. 3.43 and 3.45) the size-effect relationships for stiffness tensor and 
stress tensor will be derived as 
       
2 2
2 2
2 1 2 1
1 1
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   
   
    
   
     (5.6) 
It should, however, be noted that the relationships in Eq. 5.6 are only valid for the undamaged state 
of the material.  In addition, if the linear material model discussed in Chapter 2 is implemented, 
the proportional relationships given in Eq. 5.6 would be applicable.  But in the case of the nonlinear 
damage-plasticity model that is used here for modeling cementitious and rock-like materials, the 
change of damage parameter as a function of grain size (given in Eq. 5.4) will create more 
complicated changes in the macroscopic behavior of the material. In fact this effect will be 
enhanced by the change that is applied on the damage parameters in normal tension and 
compression, as well as tangential direction.  Nevertheless, in the initial stage, it is seen that, as 
expected, the scaling effect of grain size on stress tensor is similar to that on stiffness tensor 
components 
5.3 Model calibration 
 
 
Inspired by the experimental results presented in [132], multiple simulations of conventional 
triaxial tests on cementitious materials have been performed.  Samples with grains of different 
sizes (ranging from 0.02 mm to 0.00001 mm) have been used in simulating triaxial compressive 
tests with different initial confining pressures (0.0 MPa to 400.0 MPa). Note that the model 
properties that were presented in Chapter 3, Table 3.1, belong to the specimen with grain size of 








α β γ 
value -1.2 -1.0 1.0 
 
5.4 Results and Discussions 
 
Using the constitutive model derived in Chapter 3 and model parameters presented in Tables 3.1 
as well as the size effect parameters presented in Table 5.1, two well-known types of experiment 
have been simulated on cementitious materials with different grain sizes.  Triaxial compression 
tests with different amounts of initial hydrostatic confinement have been first simulated for grain 
sizes ranging from 0.02 mm to 0.00001 mm.  Constant volume tests have also been performed on 
the material with the given model parameters and with grain sizes ranging from 0.02 mm to 0.001 
mm. 
5.4.1 Triaxial compression results 
 
A number of triaxial compressive tests on samples with different grain sizes have been simulated. 
These experiments are performed in two steps, an initial hydrostatic confinement followed by a 
deviatoric loading in the vertical direction.  In the confinement step, a hydrostatic stress of desired 
value is applied incrementally to the specimen  11 22 33 conf      .  Afterwards in the 
deviatoric loading step, keeping the values of the two horizontal components of stress 
 22 33 and    constant, loading proceeds in the vertical (1-1) direction. 
It is well-known that by increasing the initial confinement, tangential stiffness and the failure stress 
increase.  In this study, it is intended to show, not only the effect of increase on initial confinement, 
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but also that of grain-size change.  In order to show the results more clearly, the results of the 
triaxial compression simulations have been divided into two parts, small confinement and large 
confinement. Figure 5.1 shows the evolution of the deviatoric stress,
11 confq    , versus 11  
during the deviatoric loading process for triaxial experiments with 0.0, 5.0, and 20 MPa of initial 





Figure 5.1- Evolution of the deviatoric stress, q=σ11-σ22, during triaxial loading (application of ε11) for initial 
confining pressures of 0.0, 5.0, and 20.0 MPa for all grain sizes 
 
The same set of results for triaxial compression tests with large amount, 50, 100, 200, and 400 





Figure 5.2 Evolution of the deviatoric stress, q=σ11-σ22, during triaxial loading (application of ε11) for initial 
confining pressures of 50, 100, 200, and 400 MPa for all grain sizes 
 
In Figures 5.1 and 5.2, each graph presents the q-ε11 curves for different values of initial 
confinement.  There are multiple points that can be inferred from the results. It is seen that 
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simulations for all grain sizes show an increase of stiffness and also strength by increasing the 
amount of initial hydrostatic confinement.  This effect is seen for both large and small amounts of 
confinement, though it is more obvious in higher confinements (Figure 5.2). 
It is also interesting to note the shift that happens from “brittle” failure to “ductile” failure.  It is 
well-known that without changing grain sizes, by increasing the initial confinement, failure 
transforms from brittle to ductile.  In this context, brittle failure is characterized by an obvious 
peak point in the stress-strain curve, i.e. failure point where the stiffness (slope of the stress-strain 
curve) reaches zero.  Whereas ductile failure is used to describe the nonlinear behavior for cases 
in which the material has a yield point (i.e. a point of sudden significant reduction in stiffness), 
followed by hardening behavior, with no apparent peak in the stress-strain curve.  This transition 
from brittle to ductile failure by increasing confinement has been observed previously for multiple 
granular materials by different sets of experimental data [54] and also using the method of Granular 
Micromechanics for grains of size 0.01 mm [56]. 
The results in this study, while confirming the above observation, show that this transition can take 
place by reduction in the size of grains as well.  It is seen, from both Figures 5.1 and 5.2, that 
reduction of grains’ size results in transition of failure from a more brittle type to a more ductile 
type.  This effect is most obvious, by comparing the behavior after 20 MPa of confinement for 
different grain sizes, in Figure 5.1.  It is seen that for larger grain sizes (d > 0.0001mm) an obvious 
peak point exists in the stress-strain curves, representing a brittle behavior.  While for smaller grain 
sizes, the stress-strain curve shows only a yield point followed by strain-hardening. 
It is also interesting to observe the evolution of failure points and yield points by changing the 
grain-sizes.  In Figure 5.3a, the evolution of the deviatoric stress component at failure for different 
sizes in simulations with confinement values of smaller than or equal to 20 MPa have been 
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presented.  However, as it was stated before, for higher confinement values no obvious failure 
point is observed.  For these cases, Figure 5.3b presents the evolution of the deviatoric component 
of stress at yield point for different sizes.  
 
Figure 5.3 Change of failure stress for lowly confined cases, σconf ≤ 20 MPa, and yield stress for highly 
confined cases, σconf > 20 MPa by change of grain size 
 
Note that the horizontal axis in these graphs present  1 d .  It is interesting to note that both 
failure points and yield points grow significantly with decreasing the grain size.  Failure/yield 
points are seen to be changing in a proportional manner, with a very good approximation with 
increasing  1 d .  This is in agreement with the experimental observations such as [132]. 
In order to study the behavior of the material in the lateral directions (2 and 3), Figure 5.4 presents 
the evolution of volumetric stress  11 22 33 v ii         during the deviatoric loading process.  
It is seen here that triaxial tests with small amount of confinement result in a small period of 
compaction (compressive volume strain) followed by dilation (tensile volume strain).  As the 
initial confinement increases the volumetric strain tends more and more toward compressive 
region.  This happens to the degree that for very large amounts of initial confinement, no dilation 
is measured and the volume is always decreasing.  However, here again the effect of grain size can 
be observed readily.  By decreasing the grain size, the volume strain tends significantly toward 
tensile region.  The effect is such that for the smallest grain size (d=0.00001 mm) the volume strain 
is always tensile, regardless of the amount of initial confinement and no amount of initial 
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confinement can force the material to experience dilation.  So a specimen made from very small 
grains, will always go through dilation in a triaxial compressive test, regardless of how large the 
value of the initial hydrostatic confining pressure is. 
 
 
Figure 5.4 Evolution of volumetric strain during loading for all sizes and different initial confinement values 
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In order to calculate the direction of failure localized failure is studied.  At this stage the 
displacement field still remains continuous, while the displacement gradient has become 
discontinuous and stress concentration bands (compression band, dilation band, shear band, or a 
combination of these) emerge within the material [29].  The nature and direction of these strain 
localization bands depends on the properties of the material as well as the loading procedure.  This 
step of failure corresponds to singularity of the tangential localization tensor (See Chapter 4, 
section 4.3.4 for a more detailed description on calculation of failure direction).  As it was 
mentioned before, the obvious advantage of the study of localized failure (i.e. loss of positive-
definiteness of the localization tensor) is that it deals with the localization tensor, which is uniquely 
calculated for each direction within the material and it will thus predict the direction of the failure 
plane (i.e. the so-called fault angle).  For this purpose, the eigenvalues of the localization tensor at 
failure state are calculated for every generic orientation.  The orientation for which the eigenvalues 
reaches zero earlier, is the direction of failure plane. 
In Figure 5.5, the eigenvalues of the acoustic tensor belonging to different directions are shown at 
failure state.  The results belonging to grain sizes of 0.02 mm, 0.002 mm, 0.0002 mm, and 0.00002 
mm are presented in first, second, third, and fourth rows of Figure 5.5, respectively.  It is important 
to note that only for triaxial tests with confinements of 0.0, 5.0 and 20 MPa a clear failure point 
(peak in the stress-strain curve) was observed.  For this reason, the results presented here also 
include triaxial compression tests with 0.0, 5.0, and 20 MPa of confinement (First, third, and 
second columns in Figure 5.5, respectively). 
The eigenvalues of the localization tensor (acoustic tensor) correspond to one longitudinal wave 
(P wave) and two shear waves (S waves) [140].  It is seen, from Figure 5.5, that in all these 
experiments, the eigenvalue that reaches zero earlier belongs to the shear component of the 
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acoustic tensor.  This implies that for conventional triaxial tests, failure will consist of formation 
of shear bands. 
 
Figure 5.5 Eigenvalues of the acoustic tensor at failure state for different directions in triaxial experiments 
with 0.0, 5.0, and 20 MPa initial confinement, on specimens with grains with size of 0.02, 0.002, 0.0002, 
and 0.00002. The orientation of the failure plane (fault angle) is also shown for each case 
 
 

































































































































































































In addition, it is seen that increasing the confinement leads to decrease in the fault angle.  This 
result is also consistent with the observation made by an extensive set of experiments on rocks 
where the fault angle is reported to decrease by increase of confinement in conventional triaxial 
tests [112].  On the other hand, by decreasing the grains’ sizes, while keeping the amount of initial 
hydrostatic confinement constant, it is seen that the fault angle increases significantly.  So the grain 
size is seen, not only to affect the strength of the material, but to control the direction of the failure 
plane as well.  In Figure 5.6 the change of direction of failure plane with change of grain size and 
initial confinement is presented. 
 
Figure 5.6 The effect of grain size on the direction of failure plane (Fault angle vs. 1/√d) 
 
Figure 5.6 presents the change of fault angle vs. 1/√d.  The three sets of data presented in this 
figure present the fault angle for simulations with 0.0, 5.0, and 20 MPa of confinement.  It is seen 
clearly in this figure that for the case with no initial confinement, the fault angle for large grain 
sizes is very close to 45°, implying pure shear band.  However by reducing the grain size, the fault 
angle increases up to ~60°, implying a failure plane that is more inclined toward the vertical 
direction.  This shows that by reducing the grain size failure mechanism shifts from complete shear 
band to a combination of shear and dilation bands.  Further, for the cases with some amount of 
initial confinement, 5.0 and 20 MPa, fault angle for the largest grain size is much smaller than 45°, 
implying a failure plane that is more inclined toward the horizontal direction.  The fault angle is 
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then increased up to about 60° by decreasing the grain sizes.  It is thus seen that for cases with 
some initial confinement the failure mechanism shifts from compression-shear band to dilation-
shear band by decreasing grain size. 
5.4.2 Volume control test results 
 
In order to further demonstrate the ability of the method to incorporate the effect of grain size on 
the material behavior, volume control experiments are also simulated.  This experiment is also 
composed of two parts.  First, a desired amount of hydrostatic confining stress is applied on the 
specimen.  This step is then followed by a completely strain control loading in the three principal 
directions.  Compressive strain increments, 11 d , are applied in the vertical direction, while tensile 
increments,  22 33 11d d d     , are applied on the two horizontal directions.  Note that α is 
negative constant. 
In this step, the volumetric strain increment can be calculated as  11 1 2v iid d d      .  So 
the parameter α will directly control the value of volume change.  A very common subset of 
volume control tests is the constant volume test where α is kept equal to -0.5 resulting in no volume 
change   0vd   during the whole loading process.  The results of these experiments are 
commonly shown in the p-q (mean stress-deviatoric stress) plane.  Figure 5.7 presents the q-p 
graphs for the constant volume tests with initial hydrostatic confinements of 0.0, 5.0, and 20 MPa 
and for grain sizes of 0.02 mm, 0.01 mm, 0.002 mm, and 0.001 mm.  In all these cases it is seen 
that during the first increments of loading, mean stress remains constant and then decreases (the 
amount of reduction in mean stress increases with increase of initial confinement).  The mean 
stress then reaches a minimum and starts increasing.  However the deviatoric stress, q, is increasing 
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monotonically until failure.  After failure in the vertical direction, the deviatoric stress will also 
start decreasing. 
 
Figure 5.7 Evolution of deviatoric stress against the volumetric stress for constant volume tests after initial 
confinements of 0.0, 5.0, and 20 MPa, on grain sizes of 0.02, 0.01, 0.002, and 0.001 
 
The trend of change in the deviatoric and mean stress components are governed by the evolution 
of vertical and lateral components.  In Figure 5.8 the evolution of vertical and horizontal 
components of stress for the above cases has been reported.  It is interesting to note that the vertical 
component of stress is always monotonically increasing from its initial value (the confining 
pressure) until failure state is reached.  The reason is that in this direction, the loading is always 
compressive.  However, the lateral directions which are loaded in tension, as expected, initially 
undergo compressive unloading and even occasionally reach tensile region (note that the strain 
controlled loading in the lateral direction is tensile).  However, since the tensile strength is much 
smaller than compressive strength, soon the grain-pair interactions in tensile direction fail and they 
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also become compressive.  Consequently the overall behavior of the material becomes more and 
more compressive as well. 
 
Figure 5.8 Evolution of σ11 and σ22 against ε11 for constant volume tests after initial confinements of 0.0, 




An important advantage of the present method is the fact that the macroscopic response is derived 
by studying grain-pair interactions in all different directions separately.  For this loading 
procedure, in Figure 5.9, the evolution of normal and tangential components of intergranular force 
vector for experiments with 0.0 and 20 MPa of confinement on grain size of 0.01mm has been 
presented. 
 
Figure 5.9 Evolution of the normal and tangential components of intergranular force vectors in different 
directions for simulations made on material with grain sizes of 0.01 and with confinements of 0.0 and 20 
MPa 
 
Note that these graphs present the evolution of the forces since the end of the initial confinement 
and the beginning of the strain controlled deviatoric loading.  For the case of non-confined 
 
















































experiment, normal components of intergranular force in all directions start at zero.  In the 
directions that are more inclined toward the lateral direction (2-2 and 3-3 directions) the grain-pair 
interactions experience tension (since 22 33 and    have been applied in tension).  These directions, 
however, fail very early since the tensile strength is much smaller than the compressive strength.  
On the other hand, the grain-pair interactions that are more inclined toward the vertical direction 
are under strain controlled compressive loading and will continue carrying the displacement 
without failing.  The effect of the normal interaction on the tangential component of the force is 
also seen by comparing the tangential components of force corresponding to compressive and 
tensile grain-pair interactions (See Eq. 3.38 defining the damage parameter in the tangential 
direction as a function of normal component of displacement). 
For the case where some initial confinement has been applied on the material, as it is seen in Figure 
5.9, the material remains isotropic in the confinement step.  Grain-pair interactions in all directions 
undergo same amount of normal force and displacement and zero tangential force and 
displacement.  By starting the strain controlled deviatoric loading process, grain-pair interactions 
that are more inclined to the lateral directions (that are loaded in tension) will undergo compressive 
unloading and finally lose all their compression.  They will continue being loaded in tension and 
finally fail in tension.  However, the grain-pair interactions that are more inclined to the vertical 
direction experience more compression and carry the compressive displacement without failing. 
So it is seen that eventually and in both cases (confined and unconfined), after some point, tensile 
interactions are failed and the behavior is governed fully by compressive grain-pair interactions.  
The result of this micro-scale phenomenon can be seen in the evolution of macroscopic stress 
components (shown in Figure 5.8).  It is seen in Figure 5.8 that even the lateral components of 
stress, σ22 = σ33, after a relatively small period of compressive unloading and occasionally a tensile 
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loading, will become more and more compressive.  The reason is that, as it was discussed before, 
the tensile grain-pair interactions fail very quickly and they will not have any more contribution to 
the macroscopic stress tensor.  
In order to understand the failure mechanism, a study on the evolution of the eigenvalues of the 
stiffness tensor for all these experiments is also performed.  Figure 5.10 presents the evolution of 
eigenvalues of the volume control tests with the three values of initial confinement of 0.0, 5.0, and 
20 MPa and for grain sizes of 0.02 mm, 0.01 mm, 0.002 mm, and 0.001 mm vs. the axial 
compressive strain.  In the figure, the graphs in the first, second, third, and fourth row represent 
results for grains sizes of 0.02, 0.01, 0.002, and 0.001 mm respectively.  As expected, the initial 
eigenvalues of the stiffness tensor increase by both, increasing the initial confinement and also 
reduction of grain size.  By the end of the hydrostatic confinement step and at the beginning of the 
deviatoric loading, the material is still isotropic (because grain-pair interactions in all different 
directions experience the same amount of normal force and displacement and no tangential force 
or displacement).  In this stage the stiffness tensor has only three distinct eigenvalues.  One of 
these eigenvalues (the largest one) belongs to the dilatational mode.  The intermediate component 
belongs to the deviatoric component in the normal direction and the smallest value (which is equal 
to half of the deviatoric component) belongs to the shear (isochoric) component. 
However, during the deviatoric loading process, it is clear that the loading is axisymmetric.  
Because of the nonlinear force-displacement relationships used in this study, the normal and 
tangential stiffness coefficients will change due to the displacement they experience.  So the 
loading will induce anisotropy into the material and the material will change into a transversely 
isotropic material.  For a description of the elastic properties and eigenvalues and eigenvectors of 





Figure 5.10 Evolution of the eigenvalues of the stiffness tensor against ε11 for constant volume tests after 
initial confinements of 0.0, 5.0, and 20 MPa, on grain sizes of 0.02, 0.01, 0.002, and 0.001 
 
It is seen, from Figure 5.10, that at the beginning of the deviatoric loading process, the largest 
eigenvalue is λ1, which belongs to the dilatational model.  While λ4, which belongs to the shear 
mode, is the smallest eigenvalue.  However, during the loading process and due to the induced 
anisotropy, the intermediate eigenvalue, λ2, is decomposed into two distinct values, λ2 and λ3.  
 























































































































































































































































































After very few steps of the loading, these two branches decrease very rapidly and are the ones that 
will reach zero first.  It is inferred that failure will be due to the combined action of dilatational 
and deviatoric (shear) modes.  This implies that failure consists of formation of shear-dilation or 
shear-compression bands, rather than only shear bands in the 45° direction 
It is seen, by close study of Figure 5.10, that all the eigenvalues decrease during the loading 
process.  Initially, the smallest eigenvalue belongs to the shear mode in the plane of rotational 
symmetry (23 plane).  However, as the loading proceeds, the eigenvalues corresponding to the 
other shear term (in 12 plane) and deviatoric component also decrease very rapidly and tend toward 
zero.  So, it is concluded that in constant volume experiments, the failure is a combination of shear-
compression or shear-dilation bands. 
 
5.5 Summary and Conclusions 
 
The method of Granular Micromechanics for the damage-plasticity behavior of cementitious 
materials, that was previously derived and validated in Chapter 3, has been expanded in the present 
Chapter to incorporate the effects of grain size.  Grain size effect has been implemented into the 
modeling process from a micromechanical viewpoint. 
The effects of grain size on the volume density of grain-pair interactions, relative displacement 
between two neighbor grains, initial stiffness of the intergranular contact in normal and tangential 
directions, and finally the damage parameters in normal and tangential directions have been 
incorporated in the model by introduction of simple size-effect proportional laws.  These 




The proposed model is then applied to simulate two different types of experiments.  Triaxial 
compressive tests and also volume control tests have been simulated for materials with different 
grain sizes.  It is seen that ultimately in all these cases, reduction of grain size, just like increasing 
the initial confining pressure, results in an increase in the initial stiffness, increase in the failure 
stress, increase in strain at failure, and a transition of failure from brittle to ductile type of failure. 
Also the change of grain size is seen to change the direction of failure plane significantly. 
It is seen that incorporating the effect of grain size on the macroscopic behavior of the material 
from a microscopic viewpoint results in significant change in the behavior of grain-pair 
interactions.  This will in turn affect the macroscopic behavior of the material.  It is seen that not 
only the materials’ macroscopic stiffness and strength are affected by change of grain size, but the 
failure plane direction and consequently the failure mechanism are also affected by change of grain 
size.  In the triaxial test with no initial confinement, failure in a material with large grain size is 
mainly due to the formation of shear bands.  Whereas decreasing the grain size results in a 
significantly higher fault angle (failure plane more inclined to the vertical direction), implying the 
formation of shear-dilation band.  On the other hand, increasing the lateral confinement (by 
increasing the amount of initial hydrostatic confinement) results in a smaller value of fault angle.  
This implies that failure due to formation of shear-bands (for unconfined test) will be changed into 
formation of shear-compression bands (for highly confined tests).  In the volume control test, 













Many materials show direction dependent response to loading or anisotropic behavior at macro-
scale.  In the broadest scheme, the directional dependency of material behavior is categorized into 
two major categories; namely inherent anisotropy and induced anisotropy.  If the material shows 
direction dependent response to loading from the initial unloaded state, it is said to have inherent 
anisotropy.  These include granular materials in which inter-granular mechanisms in different 
directions are not same, multiphase materials and materials with micro-cracks and fissures [140-
145].  Directional dependent nature of materials response to loading is enhanced further by effect 
of loading, even for initially (inherently) isotropic materials.  As loading progresses and the 
material is no longer in its initial unloaded state, different micro-scale mechanisms in different 
directions lead to the evolution of material directional dependent behavior.  These phenomena 
include, but are not limited to, change of the inter-particle interactions, change in the shapes and 
sizes of particles, change of surface properties, change of contacts, damage and fracture, pore 
collapse, bond breakage, hardening or softening of the generally non-linear inter-particle behavior.  
Accumulation of effects of these phenomena results in enhanced direction dependent behavior 
which is usually referred to as induced anisotropy [47, 146-150]. 
For analyzing structures that are made of anisotropic granular materials, it is beneficial to use 
material constitutive models that are derived by considering the microscopic properties.  One of 
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the most promising approaches for predicting the behavior of this class of materials is using 
micromechanical models where micro and macro scales are related to each other using a proper 
set of assumptions with constitutive laws defined in microscopic scale.  This allows for the 
constitutive laws to represent more conveniently the directional properties of the material. 
Other researchers have previously attempted to model anisotropic materials with similar methods, 
particularly microplane model.  Traditionally, efforts for modeling anisotropic materials were 
through defining microscopic stiffness coefficients as functions of the direction of the contact [151, 
152].  This approach was shown to be helpful for materials with less severe anisotropy and also 
not general anisotropy.  More recently, the spectral decomposition approach was presented [153] 
which uses a spectral decomposition of stiffness tensor.  Using this approach, it is possible to 
model transversely isotropic and orthotropic materials, however the method has been unable to 
model materials with higher level of anisotropy (namely materials with only one plane of elastic 
symmetry and completely anisotropic materials with no elastic symmetry).  The granular 
micromechanics approach provides a feasible method for incorporating the influence of micro-
scale mechanisms into continuum models [18, 56, 154].   
For modeling isotropic materials, the method uses two micro-scale stiffness coefficients, one for 
the normal and one for the tangential direction. This is consistent with the number of independent 
components in the stiffness tensor of isotropic materials (Lamé constants).  In the extended 
granular micromechanics model presented here, a directional density distribution function with 
maximum 18 parameters has been introduced which accounts for the directional distribution of 
number, length, and stiffness of grain-pair interactions.  Further, in the most general case, 3 
independent inter-granular stiffness coefficients (one for normal and two for the two tangential 
directions) govern the inter-granular behavior of the material.  Thus, in its most general case the 
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model uses a total of 3+18=21 parameters (equal to the number of independent components in the 
stiffness matrix of a completely anisotropic (triclinic) material. 
In this chapter, both methods of granular micromechanics (that with kinematic constraint and that 
with static constraint) have been enhanced to incorporate the effects of inherent anisotropy.  For 
modeling isotropic materials, the method uses two micro-scale stiffness coefficients, one for the 
normal and one for the tangential direction. This is consistent with the number of independent 
components in the stiffness tensor of isotropic materials (Lamé constants).  In the extended 
granular micromechanics model presented here, a directional density distribution function with 
maximum of 18 parameters has been introduced which accounts for the directional distribution of 
number, length, and stiffness of grain-pair interactions in a systematic manner that is consistent 
with the elastic symmetries resulting in different levels of isotropy.  Further, in the most general 
case, 3 independent inter-granular stiffness coefficients (one for normal and two for the two 
tangential directions) govern the inter-granular behavior of the material.  Thus, in its most general 
case the model uses a total of 3+18=21 parameters.  This is equal to the number of independent 
components of a fully populated symmetric 6×6 matrix where are components are independent 
from each other. 
Further, by appropriately modifying the distribution function according to the elastic symmetries 
of materials with different intermediate levels of isotropy, the method is shown to be able to 
recover the symmetries in the resulting macroscopic stiffness components.  The distribution 
function is modified for one plane of elastic symmetry to obtain monoclinic materials, three 
mutually orthogonal planes of elastic symmetry to obtain orthotropic materials, and for an 
additional axis of rotational symmetry to obtain transversely isotropic materials. Closed-form 
solutions for stiffness components of completely anisotropic materials using both kinematic and 
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static approaches are presented.  Finally, as a measure to show the effects of the micromechanical 
parameters of the model on the macroscopic behavior, elastic wave velocity [155] is discussed and 
its variation by changing micromechanical parameters is shown.  Parts of this work have been 
published in 2016 [43]. 
 
6.2 Discussion on materials with different levels of anisotropy 
 
In this section, a review of the stiffness matrix of materials with different levels of anisotropy is 
presented and the effect of planes of elastic symmetry on the number of nonzero independent 
coefficients in the stiffness matrix has been studied. 
For a completely anisotropic material with no elastic symmetry the stiffness tensor, Cijkl, can be 
written as a fully populated, symmetric, 6×6 matrix with  6 6 1 2 21    independent 
components.  If the material has only one plane of elastic symmetry, the number of independent 
components of the stiffness matrix will be reduced to 13.  Provided that the plane of elastic 
symmetry is a coordinate plane, stiffness tensor will have 13 nonzero, mutually independent 
components and all the other components will be equal to zero.  Otherwise, there will be more 
non-zero components in the stiffness tensor, but there will still be only 13 independent parameters 
[156, 157].  The stiffness tensor for materials whose only plane of elastic symmetry are 23, 13, 
and 12 planes respectively can be written as 
11 12 13 14
12 22 23 24
13 23 33 34







0 0 0 0
0 0 0 0
c c c c
c c c c
c c c c












         (6.1a) 
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11 12 13 15
12 22 23 25
13 23 33 35
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         (6.1b) 
11 12 13 16
12 22 23 26
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         (6.1c) 
If the material has two orthogonal planes of elastic symmetry, then the plane perpendicular to those 
two planes will also be a plane of elastic symmetry and the material is called an orthotropic 
material.  Stiffness matrix of orthotropic materials has 9 independent constants and in material’s 
principal directions, there will not be any interaction between normal and tangential components 
of stress and strain tensor.  Stiffness tensor for an orthotropic material in its principal coordinate 
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0 0 0 0 0
















         (6.2) 
Note that it can be easily to shown that if the stiffness tensor is written in a coordinate system 
different from the material’s principal coordinate system, the stiffness tensor will have more non-
zero terms than that shown in Eq. 6.2.  Nevertheless, the number of independent components of 
the stiffness tensor of an orthotropic material will always have 9 independent components, 
regardless of the coordinate system in which it is written. 
If, furthermore, the material has a single axis of rotational symmetry and every plane containing 
that axis is a plane of rotational symmetry, the material is called transversely isotropic.  In this 
129 
 
case, number of independent components of elastic stiffness matrix will be reduced to 5. Assuming, 
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         (6.3) 
And finally if the material behaves identically in all different directions, it is said to be isotropic.  
For a completely isotropic material, all components of elastic stiffness tensor can be formulated 
using the two well know Lamé’s constants (λ and μ) or alternatively modulus of elasticity (E) and 
Poisson’s ratio (ν). 
2 0 0 0
2 0 0 0
2 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
   
   














        (6.4) 
It is seen that the number of independent components of the stiffness tensor depends on the elastic 
symmetries of the material.  By taking into account the elastic symmetries present in materials 
with each level of anisotropy, the distribution of inter-granular contacts and their stiffness 
coefficients can be modified to represent their macroscopic behavior. 
 




6.3.1 Derivation of stiffness tensor 
 
In chapter 2, the general derivation of the model and calculation of the different components of 
stiffness tensor were presented.  In particular, the summation formula for calculating the stiffness 
tensor was presented in Eq. 2.13 which is repeated here for convenience. 
 
2
ijkl j l ik
1
C  l n n K
V
   

           (6.5) 
Writing the grain-pair stiffness tensor in the RVE coordinates, [K], in terms of its normal and 
tangential components using Eq. 2.10, the stiffness tensor given in Eq. 6.5 can be written in 
expanded form as 




ijkl j l n i k s i k t i kC n n l K n n l K s s l K t t
V
             

       (6.6) 
Not that the subscripts n, s, and t represent the normal and tangential stiffness coefficients and do 
not follow the index notation conventions.  It is clear from Eq. 6.6 that the terms in the summation 
are products of the direction cosines, the branch length and stiffness coefficients associated with 
grain-pairs.  For statistical modeling, these product terms can be binned into discrete solid angles.  
Thus, the summation in Eq. 6.6, over the total number of contacts within the system, can be 
rewritten as a summation over θ and ϕ as 
     
2 2 2
N N N
ijkl n j l i k s j l i k t j l i k
1
C  l K n n n n l K n n s s l K n n t t
V
  
     
    
      
        
       
     (6.7) 
where  ,N     is the total number of grain-pair contacts for a given solid angle defined by
 and   , such that 
 ,N  N 
 
            (6.8) 
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and the summation over  is the sum of the product of branch length square and the grain-pair stiffness 
for all grain-pairs in that solid angle.  We now introduce a directional density distribution function, 






















         (6.9) 
which represents the relative measure of material stiffness in a given direction resulting from a 
combination of grain-size, number of grain-pair interactions and the grain-pair intrinsic stiffness.  
Further, we observe that for materials composed of many grain sizes and grain compositions, it is 
useful to define an average product of branch length square and the grain-pair stiffness, 
2
nl K ,as  
 
2










        (6.10) 
where l may be regarded as the average branch length, Kn as the average grain-pair normal stiffness 
for the material, and Np is the number density of grain-pair interactions.  The second and the third 
terms of the stiffness tensor in Eq. 6.7 can be treated in a similar manner.  Thus, Eq6. 6.7 through 
6.10 can be combined and written in an integral form as follows 
   
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ijkl p n j l i k s j l i k t j l i k
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     
     
 
 
   
 
   (6.11) 
The fourth rank elastic stiffness tensor, Cijkl, in its most general form has 3
4=81 independent 
constants.  For the purposes of discussing material anisotropy, we consider symmetries of the stress 
and strain tensors (minor symmetries of stiffness tensor), thus reducing the number of independent 
constants to 36.  Further, taking into account the major symmetries of stiffness tensor (Cijkl=Cklij) 
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reduces the number of independent constants needed for completely anisotropic materials to 21 
constants.  The stiffness components are computed by imposing the symmetries of the stress and 
strain tensors as follows 
   
 
   
 
2 4 4
pqrs pqsr qprs qpsr pqrs pqsr qprs qpsrpq qp
rs sr rs sr
C C C C C C C C 
   
     
     (6.12) 
where the left hand side is the average Cauchy stress and shear strain is taken as kl = kl + lk and 
the anti-symmetric part (kl-lk) is discarded.  In Eq. 6.12, the indices p, q, r, and s do not follow 
the index notation conventions.  Further reductions on the number of independent components in 
stiffness matrix are brought about due to the presence of elastic symmetries [156] as discussed in 
the previous section.   
6.3.2 Density distribution function 
 
 
It is clear from Eq. 6.11, that the directional density distribution function, ( , )   , plays a key role 
in the determination of material anisotropy in granular micromechanics method.  This function 
determines the density of number, stiffness, and grain-size of grain-pair interactions in different 
directions.  The anisotropy arising from a smooth variation of grain-pair properties can be 
represented using a directional density distribution function expressed as spherical harmonic 
expansion given as  
   ' 0
2 1
1
, 1 (cos ) (cos ) cos sin
4
m
k k k km km
k m





     
  
     (6.13) 
In the above equation, the summation over k (shown by Σ′) is done only with respect to even 
indices of k.  (cos )kP  is the k
th-degree Legendre polynomial with respect to cos , (cos )mkP   is 
its mth associated Legendre function, and ak0, akm, and bkm are directional density parameters 
representing the directional dependence of the mechanical behavior.  The equation used for the 
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distribution function has the characteristic that all its terms are orthogonal to one, such that its 
integral over the surface of a unit sphere will always be equal to unity regardless of the number of 
terms included in the function, given as ( , )sin 1d d
 
        .  This is consistent with the 
definition of the density distribution function, ξ, given in Eq. 6.9. 
It is shown that inclusion of first three harmonics with the following parameters: a20, a40, a22, a42, 
a44, a64, b22, b42, b44, b64, b21, b41, b43, b63, a21, a41, a43, and a63, is both necessary and sufficient to 
model completely anisotropic materials with a fully populated stiffness matrix in which all 
components are mutually independent.  In addition to these 18 geometric parameters, 3 
microscopic stiffness components, kn, ks, and kt make-up the necessary 21 constants to form the 
completely anisotropic stiffness matrix.  Chang and Misra [158] used a limited expansion to 
demonstrate the feasibility of this approach for modeling materials with orthotropic properties. 
Substituting the directional distribution function presented in Eq. 6.13 into the relationship for 
stiffness matrix in Eq. 6.11, closed-form solutions for all stiffness components can be found as 
listed in Table 6.1.  It can be seen that the derived components of stiffness matrix are mutually 
independent which is consistent with completely anisotropic materials and do not satisfy the 
Cauchy relations discussed by Love in [159] as one of the four tests for an adequate structure 
theory of solid bodies.  It is also notable that by including appropriate terms in the distribution 
function, ( , )   , materials with different levels of anisotropy ranging from completely isotropic 




Table 6.1 Closed form equations of all components of stiffness matrix of a completely anisotropic material, 
derived based on the present method 
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The necessary terms can be identified based upon the planes of elastic symmetry that determine 
the structure of the stiffness matrix.  For isotropic materials, it is clear that the density distribution 
function should be a constant in all directions and thus all the directional density parameters in Eq. 
6.13 should vanish.  Further, the grain-pair stiffness coefficients in the two tangential directions 
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should also be equal.  Applying these modifications to the stiffness tensor presented in Table 6.1, 
the expressions for isotropic elastic constants are obtained (see Eq. 2.16) 
These expressions are consistent with the thermodynamic limits for isotropic elastic constants for 
appropriately specified inter-granular stiffness coefficients.  For example, the expression for 
Poisson’s ratio is     4n s n sk k k k    , which varies in the classical thermodynamically 
admissible range of -1 for kn=0 to 0.5 for ks=-2kn/3.  It is seen that if the grain-pair tangential 
stiffness coefficient were to be always positive, Poisson’s ratio would take values between -1 and 
0.25 as discussed in a previous works [18, 45].  However, the inter-granular tangential stiffness 
coefficient does not represent the stiffness of isolated grain-pair; instead, it represents the collective 
stiffness behavior of the grain-pair and its extended neighborhood [154, 160, 161].  In this case, a 
negative value for tangential stiffness coefficient is admissible.  Alternatively, the normal grain-
pair behavior can be treated using a volumetric-deviatoric split of the normal displacement and the 
conjugate normal forces as in the microplane model [40].  This split leads to two different normal 
stiffness coefficients for the normal force-displacement relationship (volumetric and deviatoric).  
Under this type of volumetric-deviatoric split, the current model will also yield Poisson’s ratio 
ranging between -1 to 0.5.   
For modeling transversely isotropic materials in which the 1-1 axis is the axis of rotational 
symmetry, it is known that material behavior within the 2-3 plane is independent of the direction.  
So the density distribution function should be a function of only the polar angle from the vertical, 
θ, and independent of the azimuth angle, ϕ.  In this case, the terms in density distribution function 
will be only the Legendre polynomials.  Thus, the only non-zero directional density parameters 
are a20 and a40.  Considering the anisotropy in the material behavior, different inter-granular 
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stiffness coefficients in tangential direction are needed, that is ks≠kt.  Thus, for transversely 
isotropic materials, following 5 constants are used: kn, ks, kt, a20, and a40, which is consistent with 
number of independent components in macroscopic elastic stiffness matrix.  It can be readily 
verified from Table 6.1 that the symmetry requirements for this class of materials (shown in Eq. 
6.3) are satisfied by the resultant expressions. 
For materials with higher levels of anisotropy, the density distribution function should be a 
function of azimuthal angle, ϕ, and will include terms with associated Legendre functions.  For 
orthotropic materials, the behavior in each of its three principal directions is different and four 
additional directional density parameters, a22, a42, a44, and a64, are needed leading to the expected 
9 independent constants in the macroscopic stiffness tensor.  Again from Table 6.1, it can be seen 
that the resulting stiffness tensor satisfies the requirements for this class of materials (shown in Eq. 
6.2). 
For materials with only one plane of elastic symmetry, choice of directional density parameters 
depends upon the plane of elastic symmetry.  For plane 2-3 as the plane of elastic symmetry, the 
relevant parameters are b22, b42, b44, and b64, for plane 1-3 as the plane of elastic symmetry, the 
relevant parameters are b21, b41, b43, and b63, and for plane 1-2 as the elastic symmetry plane, the 
needed parameters a21, a41, a43, and a63.  For this class of materials, the model has 13 constants and 
from Table 6.1, it is seen that stiffness components obtained using these 13 constants satisfy the 
requirements for materials with one plane of elastic symmetry (shown in Eq. 6.1a, b, and c, 
respectively).  Finally, if none of the planes act as planes of elastic symmetry, all of the 
aforementioned directional density parameters should be included in the formula resulting in 
altogether 21 independent microscopic constants which is equal to the number of components of 
a fully populated 6×6 stiffness matrix.  The resulting stiffness components presented in Table 6.1, 
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can be easily shown to be mutually independent which is consistent with the requirement for 
completely anisotropic materials. 
Table 6.2 gives the terms that should be included in the directional density distribution function,
  ,   , for modeling materials with different levels of elastic symmetries.  First row shows the
  ,    function for isotropic materials, and the following rows show terms that should be 
progressively added for materials with diminishing elastic symmetries.  In the case of a material 
with no plane of elastic symmetry and 21 independent constants in the stiffness tensor, all the terms 
in Table 6.2 should be included in the directional density distribution function. 
Table 6.2 Directional density distribution function, used for materials with different levels of anisotropy 
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 1 Plane of elastic symmetry: 
1-2 Plane 
 
The shapes of directional density distribution functions for all of the aforementioned levels of 
anisotropy are presented in Figure 6.1.  For each case, the isometric 3D view and also the views 
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from 2-3 plane, 1-3 plane, and 1-2 plane are shown.  Note that the elastic symmetries that result in 
different levels of isotropy in the material, manifest themselves in the geometrical symmetries (or 




Figure 6.1 Density distribution function for materials with different levels of elastic symmetry and the 





ξ for isotropic materials 
ξ=1/(4π) 
3D Perspective 23 Plane               13 Plane            12 Plane 
ξ for transversely isotropic 
materials 
a20=a40=1.00 
ξ for orthotropic materials 
Additional parameters: 
a22=0.1;  a42=0.05 
a44=-0.0014; a64=0.001 




ξ; Symmetric about 13 plane: 
Parameters for orthotropy, plus 
b21=0.025; b41=-0.008 
b43=0.0009; b63=-0.0002 
ξ; Symmetric about 12 plane: 
Parameters for orthotropy, plus 
a21=0.001; a41=-0.005 
a43=-0.001; a63=0.0008 
ξ for completely anisotropic 
materials.No elastic symmetry 
about any plane. 
Include all parameters above. 
Material type and ξ function 
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6.4 Modeling anisotropy using granular micromechanics with static constraint 
 
6.4.1 Derivation of compliance and stiffness tensors 
 
In chapter 2, the general derivation of the model with static (least square) assumption was 
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                          (6.14) 
Using Eq. 2.25 (showing the intergranular compliance matrix as a function of the normal and 
tangential components of inter-granular compliance coefficients), Eq. 6.14 can be expressed as  
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    (6.15) 
where summations are over all grain-pair interactions in the RVE.  Note that throughout this work, 
the subscripts n, s, and t represent the inter-granular properties is normal (n), and tangential (s and t) 
directions respectively and thus do not follow the index notation conventions.   
For an RVE containing many (>106) interacting grains, the exact knowledge of the material 
composition and properties, grain shapes and sizes, interfacial properties, etc. are unknown.  Such 
detailed information is generally unattainable for almost all engineering materials.  Therefore, the 
precise and true nature of every grain-pair interactions is unknown.  However, this unfortunate 
missing information is compensated by the fortunate fact that generally for the determination of 
collective behavior we are not interested in the precise and detailed solution for exact motion of each 
and every grain in the RVE.  In this work, we have chosen to treat the problem in a statistical sense 
by considering mean behaviors.  Such statistical approximations are reasonably justified when firstly 
there is the absence of complete information about the microstructure and the micromechanical 
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parameters, and secondly, an incomplete solution, such as the mean behavior, based upon incomplete 
data is sufficient.  With the aim of obtaining the estimate of the mean behavior, Eq. 6.15 can be 
rewritten observing that the terms in the summation are products of the direction cosines, the branch 
length and compliances associated with grain-pairs, which can be binned into discrete solid angles.  
Thus, the summation in Eq. 6.15, over the total number of contacts within the system, can be 
rewritten as a summation over θ and ϕ as  
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     (6.16) 
where the three summations over ρ represent summations over all inter-granular contacts whose 






represents the sum of all  
2
nl k
  terms for all grain-pair interactions whose orientations are 
contained within a given solid angle range.  For anisotropic materials, these sums will be different 
for different binned directions, which can be described using directional density distribution 
function, ( , )   , that represents the directional distribution of the number, length, and stiffness 
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     (6.17) 
where it has been assumed that all the inter-granular compliances also follow the same distribution.  
In addition, it is useful to define an average value of the terms  
2
nl k
   (and similarly for the 
shear terms) as 
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where 
2
nl k , 
2
sl k , and 
2
tl k  are average values for the RVE.  Combining Eqs. 6.17 and 6.18 
with Eq. 6.14, and defining ρc as the volume density of total number of grain-pair contacts (
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  (6.19) 
Now the fabric tensor, Nij, introduced in Eq. 2.21 can also be treated from a statistical viewpoint 
such that the summation in Eq. 2.21, over the total number of contacts within the system, can be 
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Subsequently the average branch length l, and directional density distribution of number and length 
of the grain-pair interactions, '( , )    may be introduced  























       (6.21) 
As a result the second rank fabric tensor given in Eq. 6.20 can be written in an integral form as 
2 2
2
0 0 0 0
'( , )sin '( , )sinc cij i j i jN l l d d l n n d d
   
   
             
   
        (6.22) 
It is noteworthy that the two directional density distribution functions, ( , )    and '( , )   , are 
distinct since they represent the distribution of different parameters, in contrast to the assumption 
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widely made in previous derivations of this type [45, 158, 162].  However for simplicity of 
subsequent discussion and calculations, the two directional density distribution functions are 
assumed to be the same in the remainder of this work where the focus is on elastic behavior.  For 
inelastic behavior, the use of distinct distributions may be representative as observed from the 
analysis of regular grain assemblies using the described approach in [29], wherein the stiffness 
coefficients of grain-contacts in different direction evolves with loading whilst the micro-structure 
or fabric persists. 
The fourth rank compliance tensor, Sijkl, in its most general form has 3
4=81 independent constants.  
However, symmetry of stress and strain tensors leads to minor symmetries of compliance tensor 
and the constitutive equations can then be written in Voigt notation [163].  In this manner, the 
compliance tensor can be written as a 6×6 matrix with 36 components.  The components of such 
compliance matrix are calculated as follows 
       
2 2
rs sr rs sr
pq pq qp pqrs pqsr qprs qpsr pqrs pqsr qprs qpsrS S S S S S S S
   
  
 
            
   
 (6.23) 
In this equation, shear strain is taken as ij = ij + ji.  Further, average value of the two shear 
stresses is taken as the Cauchy stress, and the difference, 
kl lk  , is discarded.  Note that the 
indices p, q, r, and s used in Eq. 6.23 do not follow the index notation conventions. 
After constructing the 6×6 compliance matrix with this approach, major symmetry (Sijkl=Sklij) is 
also applied on the compliance matrix implying that the 6×6 matrix is also symmetric and has only 
21 independent constants.  The macroscopic stiffness matrix can also be derived as the inverse of 





6.4.2 Density distribution function 
 
 
The method using static constraint also uses the same form of density distribution function as that 
was presented in section 6.3.2 for the method with kinematic constraint.  The expanded form of 
the density distribution function (in which all the coefficients and the Legendre polynomials and 
the Legendre associated functions have been expanded) is presented here. 
2 4 2
2








1 3cos 1 35cos 30cos 3
1 (3sin cos 2 )
4 2 8
105cos 15
          ( sin cos 2 ) (105sin cos 4 )
2
83160cos 7560
          ( sin cos 4 ) (3sin sin 2 )
16
10










   

   
   



















sin sin 2 ) (105sin sin 4 )
2
83160cos 7560
          ( sin sin 4 ) ( 3sin cos cos )
16
35cos 15cos
          ( sin cos ) ( 105cos sin cos3 )
2
27720cos 7560co






   

    
 

















sin cos3 ) ( 3sin cos sin )
16
35cos 15cos
          ( sin sin ) ( 105cos sin sin 3 )
2
27720cos 7560cos






    
 









   (6.24) 
Note that the terms that should be used for modeling materials with all different levels of inherent 
anisotropy are the same for the two methods.  Eq. 6.24 is in fact the expanded form of the 
distribution function used for completely anisotropic materials shown in a more compact form in 
Table 6.2. 
Using the complete distribution function (that presented in Eq. 6.24) the components of the fabric 
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     (6.25) 
It is seen here that, although the complete ξ(,) function given in Eq. 6.24 is used in calculating 
the fabric tensor, only the terms from the first harmonics expansion (terms with k=2 in Eq. 6.13) 
appear in after the integration.  The derived fabric tensor is used in Eq. 6.19 for calculating the 
compliance tensor for the completely anisotropic material.  For modeling materials with any level 
of isotropy, the distribution function needs to be modified in the manner that was discussed in 
section 6.3.2 for the kinematic method and was summarized in Table 6.2. 
Since, the closed-form solutions for triclinic materials will have very large number of terms, for 
illustration purposes only the stiffness coefficients for transversely isotropic and completely 
isotropic materials have been presented here.  It is seen that by including the first two harmonics 
with coefficients a20 and a40 the method can produce all the five independent components of the 
stiffness matrix of a transversely isotropic material while satisfying the symmetry requirements.  
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Where parameters A~H are given in Table 6.3.  Note that the parameters A~H are introduced here 













































































It is known that in transversely isotropic materials, the Poisson’s ratios will be different based on 
the directions in which they are acting.  In Figure 6.2, the variations of the two Poisson’s ratios 
(ν12 and ν23) are shown with respect to the microscopic parameters, where the ratios of the 
tangential and normal inter-granular stiffness coefficients are defined as βs=ks/kn and βt=kt/kn.  
Figure 5.2 also shows for comparison the Poisson’s ratios predicted using the alternative kinematic 
approach. 
The closed-form solutions for Young’s modulus, E, and Poisson’s ratio, ν, using least-squares 
approach will be as follows.  Note that this close from solution for isotropic materials has been 
presented previously (see for example [18, 45])  
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Figure 6.2 Variation of the two Poisson ratios of transversely isotropic materials with changing (sections 
a1 and b1) βs while βt=a20=a40=0.5; (sections a2 and b2) βt while βs=a20=a40=0.5; (sections a3 and b3) a20 
while βs= βt =a40=0.5; (sections a4 and b4) a40 while βs= βt=a40=0.5 
 
 
For the positive values of grain-pair stiffness coefficients, the Poisson ratio is predicted in the 





























































































practical viewpoint, these ranges of Poisson’s ratio are valid for many engineering materials.  It is 
also noteworthy that from the viewpoint of positive semi-definiteness of macro-scale deformation 
energy, negative grain-pair stiffness could be admissible.  In this case, the whole 
thermodynamically admissible range of Poisson’s ratio (from -1.0 to 0.5) can be modeled with 
both approaches.  At the inter-granular scales, the negative stiffness represents certain mechanisms 
that are manifested due to the immediate and extended neighborhood.  For the least-squares 
approach, the normal stiffness must take negative values (up to -2ks/3 for =-1).  The negative 
normal stiffness for these highly auxetic materials connotes severe dilation attributable to grain-
pair as the grain neighborhood experiences shear.  For the kinematic approach, the shear stiffness 
must take negative values (up to -2kn/3 for =0.5).  In this case, the negative shear stiffness for 
these materials approaching incompressibility implies shear softening attributable to grain-pair as 
the grain neighborhood experiences compression or extension.  It has been noted earlier that the 
inter-granular stiffness coefficients model the effects of immediate neighbors as well as the 
extended granular microstructure.  Such a view is in contrast to the past derivations of these 
expressions, including expressions for anisotropic materials, in which the inter-granular stiffness 
coefficients were restrictively taken to represent the stiffness of two isolated grains interacting 
with each other.  Furthermore, the grain-pair behavior can potentially be treated using a 
volumetric-deviatoric split of normal displacement as in the kinematic constrained microplane 
model [40].  Such split provides an alternative way to model the thermodynamically admissible 
range of Poisson’s ratio.  However, it leads to two different normal stiffness coefficients 
(volumetric and deviatoric) in the case of the kinematic approach.  Similar volumetric-deviatoric 




6.5 Elastic wave propagation and effects of model parameters 
 
 
The velocity of elastic waves propagating within granular and porous media and the effects of 
material properties thereon has been studied extensively using experimental approaches [164-166] 
and numerical techniques [167-169].  In this section, the elastic wave propagation velocity is 
discussed with the view to show change of material macroscopic behavior resulting from changing 
microscopic parameters.  The velocity surfaces that represent the velocity of waves propagating in 
different directions through the material have been calculated by varying the micro-scale 
parameters.  These surfaces are composed of three sheets, one quasi-longitudinal (P) and two 
quasi-shear waves (S1 and S2) [170].  The wave velocities in the material is obtained from the 
Christoffel equation  
 det 0ik ikG             (6.28) 
where Гik is the Christoffel matrix (acoustic tensor) which is derived by contracting the stiffness 
tensor with the unit normal vector twice given as 
ijkl j lC n n .  From Eq. 6.28, it is clear that G is the 
eigenvalue of the Christoffel matrix and represents phase velocity.  By solving the above equation, 
three eigenvalues of the Christoffel matrix and their corresponding eigenvectors are derived.  The 
biggest eigenvalue belongs to the quasi-longitudinal wave and the two others belong to the shear 
waves, one being pure shear and the other quasi-shear wave.  For each case, the value of wave 
velocity can be derived as ij i jg g  where g is the corresponding eigenvector [171].   
Here, the velocity surfaces for transversely isotropic materials for a range of micro-scale 
parameters have been presented.  It is recalled that for transversely isotropic materials, 5 micro-
scale parameters are used, namely, kn, ks, kt, a20, and a40.  Stiffness tensors and subsequently the 
velocity surfaces have been calculated using both kinematic and static approaches.  In figures 6.3-
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6.6 sections of velocity surfaces with coordinate planes showing the change of elastic wave 
velocities resulting from varying the values of βs=ks/kn, βt=kt/kn, a20, and a40, respectively, are 
presented.  For comparison, the wave velocities have been normalized by kn.  In all these figures, 
sections a, b, and c represent sections of the velocity surfaces (P, S1, and S2 waves respectively) 
with 1-2 plane while sections d, e, and f represent sections of the same surfaces with the 2-3 plane.  
It is noted that since the axis 1 is the axis of rotational symmetry, material behavior in all directions 
inside the plane whose normal vector is axis 1 are identical.  Thus, sections of velocity surface 
only with 1-2 plane and 2-3 plane are provided and section of the surface with 3-1 plane will be 
exactly same as that with 1-2 plane.  We also note that, because of this rotational symmetry, the 
velocity surface section with 2-3 plane will be always a circle regardless of the values of fabric 
parameters (a20 and a40) and ratios of inter-granular stiffness coefficients. 
Sections a-f represent results calculated using kinematic approach while sections a’-f’ show the 
same results from least-squares approach.  It is evident that using same set of micro-scale stiffness, 
the wave velocity computed based on least-squares approach are smaller than those of kinematic 
approach.  However, the trend of change of velocities resulting from change of microscopic 
properties is generally similar between the two methods.  The exception is seen for the quasi-shear 
wave, in which discrepancies in the shape of the wave velocity profile derived from the two 
different methods can be observed.  These differences in the results of the two approaches are due 
to the fact that the two methods use different approaches to link micro and macro scale kinematic 
measures, force/stress measures, and material properties.  Thus the efficacy of the two approaches 
to represent different types of granular solids could be judged by a systematic variation of their 
average micro-scale parameters. 
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From Figures 6.3 and 6.4 we can observe that the tangential stiffness ks appears to affect the 
longitudinal velocity more in the 1-direction, while stiffness kt primarily influences the behavior 
in the 2-3 plane as seen from comparison of figures 6.3a (6.3a’) with 5.4a (6.4a’).  It is also 
interesting to see that the tangential stiffness kt significantly affects the shape of the quasi-shear 
wave velocity surface as seen in figures 6.3c (6.3c’) and 5.4c (6.4c’).  The directional density 
parameters a20 and a40 also have a significant influence upon the shape of the velocity surfaces in 
the 1-2 plane (see in Figure 6.5 and 6.6).  Thus, by changing the micro-scale parameters (stiffness 
and directional density parameters) a wide range of transverse anisotropic behavior can be 






Figure 6.3 Sections of the quasi-longitudinal, pure shear and quasi-shear components of wave velocity 
surface with 12 plane (graphs a-c respectively) and with 23 plane (graphs d-f respectively) while changing 
ratio of βs =0.1~0.9 with a20=a40=2.0, βt =0.5. Arrows represent the direction of variation of the surface 
while increasing βs. For visualization purposes the values of wave velocities are reduced by 0.025. 





Figure 6.4 Sections of the quasi-longitudinal, pure shear and quasi-shear components of wave velocity 
surface with 12 plane (graphs a-c respectively) and with 23 plane (graphs d-f respectively) while changing 
ratio of βt =0.1~0.9 with a20=a40=2.0, βs =0.5. Arrows represent the direction of variation of the surface 
while increasing βt. For visualization purposes the values of wave velocities are reduced by 0.025. 





Figure 6.5 Sections of the quasi-longitudinal, pure shear and quasi-shear components of wave velocity 
surface with 12 plane (graphs a-c respectively) and with 23 plane (graphs d-f respectively) while changing 
ratio of a20=-0.5~2.0 with a40=2.0, βs = βt =0.5. Arrows represent the direction of variation of the surface 
while increasing a20. For visualization purposes the values of wave velocities are reduced by 0.025. 





Figure 6.6 Sections of the quasi-longitudinal, pure shear and quasi-shear components of wave velocity 
surface with 12 plane (graphs a-c respectively) and with 23 plane (graphs d-f respectively) while changing 
ratio of a40=-0.5~2.0 with a20=2.0, βs = βt =0.5. Arrows represent the direction of variation of the surface 
while increasing a40. For visualization purposes the values of wave velocities are reduced by 0.025. 
Calculations are done with kinematic approach (a-f) and static approach (a’-f’) 
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6.6 Summary and conclusions 
 
 
A method for modeling materials with different levels of anisotropy using granular 
micromechanics with both static and kinematic approaches has been developed.  For isotropic 
materials, using a normal and a tangential microscopic stiffness coefficient, identical for all the 
inter-granular contacts, is sufficient for modeling the material behavior and finding the 
macroscopic stiffness components.  For modeling materials with different levels of anisotropy, the 
present method uses two different microscopic stiffness coefficients for the two tangential 
directions and a directional density distribution function is introduced in the model which can 
sufficiently represent the anisotropy of the material.  It is shown that using spherical harmonics 
expansion with sufficient number of terms can result in stiffness tensors consistent with materials 
with different levels of anisotropy.   
The constitutive relationship is established by using inter-granular stiffness coefficients defined 
on the basis of the conjugate relationship of inter-granular displacement and forces.  The clear 
implication of the inter-granular stiffness coefficients introduced in this manner is that they are 
different from that of isolated grain-pair and model the behavior of grain-pair embedded in a 
granular material and represent the effect of immediate neighbors as well as the extended micro-
structure.  They function as parameters that need to be determined as back-calculations from 
macro-scale measurements and not through direct measurements of two-isolated grains as in 
contact mechanics.  Two directional density distribution functions are defined; one related to the 
average directional distribution of number, length, and stiffness/compliance of grain-pair 
interactions and the other related to average directional distribution of number, length of grain-




Subsequently for ensuring that the model is capable of reproducing different levels of anisotropy, 
the distribution density function is parameterized using spherical harmonics expansion with 
carefully selected terms.  It is shown that using the density distribution function with 18 parameters 
is sufficient for modeling a completely anisotropic material.  These 18 directional density 
parameters along with the three inter-granular stiffness coefficients make a total of 21 independent 
micro-scale constants and will result in 21 mutually independent, non-zero components of a 6×6 
stiffness matrix. 
Different levels of isotropy in materials arise from the presence of planes of elastic symmetry 
and/or axes of rotational symmetry.  In this study, the density distribution function is 
systematically modified for modeling materials with only 1 plane of elastic symmetry, orthotropic 
materials, and transversely isotropic materials.  In all these cases, the derived stiffness matrices are 
consistent with the symmetry requirements of that particular material.  For each anisotropy level, 
number of micromechanical parameters is equal to the number of independent constants in the 
stiffness tensor of that particular anisotropy level. 
As a measure to demonstrate the effects of change of micromechanical properties included in the 
model on the macroscopic behavior of the material, acoustic wave propagation velocity through a 
transversely isotropic material is discussed within both kinematic and static approaches.  Variation 
of wave velocity by changing microscopic properties is shown.  It is found that the velocity 
surfaces quasi-shear can show different trends for the two methods suggesting that wave 
propagation can be applied to evaluate the efficacy of the two approaches to represent different 










7 Micromorphic granular micromechanics 
 
In usual continuum theories, the only kinematic measure used as strain is the average displacement 
gradient field.  However, it is obvious that the displacement field within material point is not 
necessarily linear and the average displacement gradient will not be able to completely represent 
the kinematics of the material point.  Experimental evidence for existence of non-affine grain 
movements and consequently fluctuations from the average in displacement gradient imply the 
necessity of including these fluctuations and their second gradient in the kinematics [47, 172, 173].  
Also, experimental observations on granular assemblies prove existence of grain rotations and 
their effect in the macroscopic behavior of the material [47, 172, 174]. 
In this Chapter, the granular micromechanics approach is extended by incorporating, in addition 
to the traditionally used average displacement gradient, the following non-classical terms in the 
kinematics: 
1- Fluctuations in displacement gradient 
2- Second gradient of displacement fluctuations 
3- Grain spins’ average, fluctuation, and second gradient 
The first two terms in the above list are added to the model considering the kinematic analyses of 
Mindlin-Eringen micro-structural elasticity [2] or micromorphic mechanics [4] and the third term 
is added due to the experimental and numerical observations implying their existence in granular 
assemblies.  By including the aforementioned terms in defining the kinematic fields, kinematic 
measures in grain-scale are also enhanced.  Conjugate to each one of the inter-granular kinematic 
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measures an inter-granular force (or moment) measure is introduced using a corresponding grain-
scale stiffness coefficient defined separately for each kinematic measure.  Macro-scale and Micro-
scale deformation energy densities are defined in terms of macroscopic kinematics fields and inter-
granular displacement measures respectively.  Also different macro-scale stress measures are 
introduced as work conjugates of the different strain measures and are derived as derivatives of 
the strain energy density function with respect to their conjugate strain measure.  Thus 
relationships for macro-scale stiffness tensors in terms of grain-scale stiffness parameters and 
geometric parameters are derived. 
7.1 Kinematics of Granular Media 
 
In order to model the material point as a continuum, a Volume Element (VE) defined as a collection 
of grains is considered in the global coordinate system, x.  For any grain, p, inside the VE, the 
vector field of displacement can be derived as a Taylor series expansion of the same vector field 
in a neighboring grain, n. 
, , , ,
1
2
p n n n n n n
i i i j j i jk j k i i j j i jk jkl l l l J                   (7.1) 
where i is the displacement of grain, lj is an inter-granular branch vector joining the centroids of 
grains n and p, and the tensor product ljlk /2=Jjk is a geometry moment tensor.  First and second 
gradient terms have been included in the analysis and summation convention over repeated indices 
is implied unless noted otherwise.   
It is known that, in general, finite rotations are not vectors and do not follow vector analysis rules 
[156].  However, for small rotation measures, which is of interest in this study, vector analysis 
rules can be applied to them.  In order to study the rotation field within the VE, the same approach 
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as that used for studying the displacements is used.  Thus the rotation of a grain, p, within the VE 
is written as the Taylor series expansion of the rotation of a neighbor grain, n.  
, , , ,
1
2
p n n n n n n
i i i j j i jk j k i i j j i jk jkl l l l J                  (7.2) 
where i is the rotation of the grain, lj is an inter-granular branch vector joining the centroids of 
grains n and p, and the tensor product ljlk /2=Jjk is a geometry moment tensor. 
In a continuum model, the VE plays the role of a material point P, as depicted in Figure 7.1.  In 
order to enable us to capture the non-uniformities of the displacement field within the VE, a local 
coordinate system, x’, is defined for the material point with its axes parallel to those of the global 
coordinate axes and is attached to its barycenter.  This local coordinate system is able to distinguish 
different grains inside the material point and thus the displacement of a grains are written as 
functions of not only the coordinates of the VE, but also the local coordinates of the grain within 
the material point, i.e. i(x, x’). 
 














As a development from the previous work on this issue, in this study in addition to the actual 
displacement field, ui, (which consists of displacement of grains inside the material point) grains’ 
pure spins field, ωi, is also taken into account.  Total displacement of a point on the grain is derived 
as the sum of the displacement of grain’s centroids and the cross product of its rotation with the 
position vector of the point under consideration. 
i i ijk j ku e r             (7.3) 
where rk is the position vector of any point on the grain with respect to grains’ centroids.  Thus it 
is noted that at grains’ centroids ( 0ir  ) total displacement is equal to the actual displacement 
field and grains’ spins play no role in the displacement of its centroids.  Further, each grain’s total 
rotation field is also derived as the sum of grain’s pure spin, ωi, and curl of the total displacement 
field.  Thus the total rotation field is defined as 
,i ijk k j ie              (7.4) 
Along the lines of the methodology of micro-structural elasticity described by Mindlin [2] and 
micromorphic mechanics of Eringen [4], the total displacement and rotation fields are decomposed 
into two components, one representing an average field and the other representing the local 
fluctuations from average.  Thus the displacement and rotation fields and their gradients can be 
rewritten as 
, , , ,       i i i ij i j i j i j i j ij
                       (7.5a) 
, , , ,     i i i ij i j i j i j i j ij
                       (7.5b) 
where the overhead bar and tilde represent the average and fluctuation fields respectively.  In Eq. 
7.3, ,i j and ,i j ij
   are the average macro-scale and the fluctuations in displacement gradient 
(due to the combined effect of grains’ displacement and spins).  Also ,i j and ,i j ij
   are the 
162 
 
average macro-scale and the fluctuations in rotation gradient (due to the combined effect of grains’ 
displacement and spins).   
It should be noted here that the average displacement gradient field and the average rotation 
gradient field are constant for the material point and therefore their gradient (i.e. the second 
gradient of the average displacement and rotation fields) will be zero. Thus the second gradient of 
the total displacement and rotation fields are derived as 
 , , , ,,i jk ij k i j ij ij kk
                   (7.6a) 
 , , , , ,,i jk ij k i j i j ij kk
                  (7.6b) 
In order to calculate the relative displacement of two neighbor grains, the first and second gradients 
of displacement, Eq. 7.5a and 7.6a, are substituted into Eq. 7.1 
, , , ,
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;     ;     
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M m g
i i j j i ij j i ij k j k ij k jkl l l l J
                  (7.8) 
As seen from Eq. 7.8, the inter-granular relative displacements between two interacting 
(contacting) grains is decomposed into three terms: (1) M
i due to the average displacement 
gradient, ,i j , (2) 
m
i  due to the gradients of the fluctuation in grain displacement,  ij x , and (3) 
g
i  due to the second gradient of the total displacement field ,ij k
 . 
Further, the relative rotation of two grains is also derived by substituting the first and second 
gradients of the rotation field, Eq. 7.5b and 7.6b, into Eq. 7.2. 
, , , ,
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;       ;       
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M m g
i i j j i ij j i ij k j k ij k jkl l l l J
                 (7.10) 
Thus the relative inter-granular rotation field has been also decomposed into three terms: (1) 
M
i  
due to the gradients of the average rotations, (2) m
i  due to the gradient of the fluctuations in grain 
rotations, and (3) g
i  due to the second gradient of the total rotation field of the grains. 
The fact that grains undergo relative rotations is also known from measurements of kinematic 
fields in grain assembles [47, 172].  The above decomposition of both displacement and spins field 
within the RVE into average and fluctuation terms allows us to include both mean field grains’ 
displacements and spins in addition to their fluctuations.  Since the second rank tensors ( )ij kx
  
and ( )ij kx
  are independent of coordinates x’k (homogeneous within the material point), the 
fluctuation modeled in this way is taken as linear within the material point which leads to a 
micromorphic theory of degree 1 in the terminology introduced by Germain [6].  The 
decomposition of displacement gradient in 6.5a is supported by the experimentally measured 
kinematic fields of grain assemblies [47, 172, 173] that show strong non-affine motions in a 
volume element comprising large number of grains.  The presence of grain displacement 
fluctuations have also been recognized in previous works related to continuum modeling of grain 
packing within the rubric of classical continuum mechanics [19, 175].  The second and higher 
gradient of deformations have also been shown to be necessary for continuum modeling of 
pantographic trusses due to their unique structural arrangements and stiffness of the truss elements 




7.2 Macro-scale and Micro-scale Dynamics 
 
 
The kinematic measures contributing to the deformation energy are the gradients of the average 
and fluctuations of the displacement and rotation fields, in addition to the second gradients of the 
total displacement and rotation fields ( , , , , and ij k i jk ij k i jk
      ).  Thus the macro-scale 
deformation energy density of the granular continua can be defined as a function of these kinematic 
fields:  , , , ,, , , , ,i j ij ij k i j ij ij kW W          .  Conjugate to each one of the above kinematic fields, 
a macro-scale stress measure is defined using the deformation energy density as: 
, ,
, ,
;       ;             
;               ;             
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     (7.11) 
where the stress measures conjugate to the displacement fields are shown with Greek letters while 
the moment stress measures conjugate to the spin fields are shown with Latin letters. 
ij  and ij  
are Cauchy stress and relative stress, while 
ijk  is the double stress tensor conjugate to the second 
gradient of grains’ displacement field. Also the two second rank tensors, Mij and Pij are the average 
and relative moment stress tensors conjugate to the average and fluctuations in grain rotations 
respectively, while the third rank tensor, Qijk is the double moment tensor conjugate to the second 
gradient of grains’ rotations.  
For a granular material system, the macro-scale deformation energy density, W, can be derived as 
the volume average of the micro-scale deformation energy components caused by the relative 
displacements and relative rotations of grain-pairs.  The micro-scale deformation energy, Wα, is 
defined as follows for the αth interacting pair as a function of the micro-scale kinematic measures: 
 , , , , ,M m g M m gi i i i i iW        , where for simplicity of presentation the superscript α has been 
165 
 
dropped from the micro-scale kinematic variables.  The macroscopic energy density of the RVE 
is thus given as 
 
1




              (7.12) 
Further, the inter-granular force and moment conjugates are introduced as derivatives of micro-
scale energy function, Wα, with respect to each of the inter-particle kinematic measures 
(displacements and rotations) as: 
;   where  : M, m, 

























        (7.13) 
Substituting Eq. 7.12 into Eq. 7.13, applying chain rule of differentiation, and making use of the 
definition of microscopic kinematic measures in terms of their macroscopic counterparts, Eq. 7.8 
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where the superscript α has been dropped from the micro-scale kinematic and force measures.  
Thus, the macro-scale stress measures have been defined in terms of the inter-granular force 
measures and the local geometry represented by the branch vector, lj, and geometry moment tensor, 
Jjk.  We observe that the inter-granular forces ,  ,  and  
M m g
i i if f f are related to the Cauchy, the 
relative, and double moment stresses, respectively.  Further, the inter-granular moments, 
,  ,  and M m gi i im m m  contribute to the average and relative moment stresses and double moment 
stress tensors respectively. 
 
7.3 Micro-scale and Macro-scale Constitutive Equations 
 
 
For formulating micro-scale constitutive equations that relates the micro-scale kinematic measures 
to the conjugate inter-granular force measures, all displacement and rotation terms are decomposed 
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into components in the contact’s coordinate system, nst, defined previously in Eq. 2.2.  Thus, the 
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     (7.20) 
where the subscripts n, s, and t represent the components in the local coordinate system and do not 
follow the tensor summation convention.  For modeling elastic isotropic materials cross-linking 
terms implying interaction between normal and tangential components of force-displacement and 
moment-rotation pairs are ignored.  Furthermore, in order to guarantee linear elasticity in macro-
scale, all the terms of the micro-scale deformation energy are quadratic in terms of the kinematic 
measures.  Thus for linear isotropic elasticity, the micro-scale deformation energy is defined as 
     
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   (7.21) 
where K and G represent the inter-granular stiffness parameters for forces and moments, 
respectively.  Note that the subscripts, n, s, t, and w represent kinematic and stiffness terms in local 
coordinate system defined in Eq. 2.2 and do not follow the summation convention for repeated 
indices.  Since the material is assumed to be isotropic, the behavior of grain interactions in different 
directions within the tangential plane are similar leading to a single stiffness coefficient (Kw for 
forces and Gw for moments) for the two directions s and t.  For inherently isotropic materials, 
different stiffness coefficients should be used for the two tangential directions (See Chapter 5).  It 
is also noted that the terms that cross-link the different micro-scale kinematic measures have been 
ignored for simplicity.  The introduced grain-pair stiffness parameters define the force components 
conjugate to different micro-scale kinematic measures that contribute to inter-granular relative 
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displacements and rotations.  These stiffness parameters do not represent the stiffness of two 
isolated interacting grains.  In the derived model we have introduced 3 types of inter-granular 
stiffness parameters for force-displacement equation, namely, the average, the fluctuation, and the 
second gradient, distinguished by their superscripts ξ: M, m, and g, respectively.  Also for moment-
rotation equations, three stiffness parameters are used in local scale, namely the average, 
fluctuation, and the second gradient term, distinguished by their superscripts ζ: M, m, and g, 
respectively.  The typical micro-scale constitutive equations for forces and moments in terms of 
displacements and rotations in the contact local coordinate system nst, after dropping the 
aforementioned superscripts, can be written in matrix form as 
0 0 0 0
0 0 ;    0 0
0 0 0 0
n n n n n n
s w s s w s
t w t t w t
f K m G
f K m G




           
          
           
                     
    (7.22) 
Having found the force and moment vectors components in nst coordinate, they are rotated along 
with their corresponding stiffness tensors in the direction of the material point coordinate system.  
Local constitutive equations and stiffness tensors in the material point coordinate system are found 
using the tensors and vectors rotation as 
 
 
;      ;    where  : M, m, 
;     ;    where  : M, m, 
i ij j ij n i j w i j i j
i ij j ij n i j w i j i j
f K K K n n K s s t t g
m G G G n n G s s t t g
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     
 
 
   
   
   (7.23) 
By substituting the micro-scale constitutive equations, Eq. 7.23, into Eq. 7.14-7.19, the macro-
scale constitutive relationships are derived linking the macro-scale kinematic measures to their 
conjugate stress tensors as follows 
1 1 1M M M M M
ij i j ik k j ik l j kl ijkl klf l K l K l l C
V V V
   
  
   
 
    
 
       (7.24) 
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1 1 1m m m m m
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It is seen that following this approach leads to four forth rank stiffness tensors (2 for average and 
fluctuation terms in displacement and 2 for average and fluctuation terms in rotation) and two sixth 
rank tensors for the second gradient terms in displacement and rotation.  It is notable that the 
derived constitutive relationships in Eq. 7.24-7.29 are uncoupled as a consequence of the 
assumption made to ignore the coupling terms between the different kinematic measures in the 
micro-scale deformation energy, Wα, given in Eq. 7.20 and 7.21.  The inclusion of cross-linking 
between different microscopic kinematic and force measures will lead to coupling terms in the 
macro-scale constitutive equations.  Were the interactions between different kinematic and stress 
measures to be taken into account, the analysis would have led to extra stiffness tensors.  Those 
extra stiffness tensors will include fourth, fifth, and sixth rank tensors.  It is, however, known that 
there are no isotropic tensors of odd rank.  So the fifth rank tensors implying cross-linking either 
between the second gradient kinematic measures and the second rank stress measures or between 
the first gradient kinematic measures and the third rank stress measures will be always zero for 
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isotropic materials.  The other cross-linking terms might be included in the model by taking into 
account the interactions in the micro-scale which will be pursued in the future. 
Note that the summations in Eq. 7.24-7.29 are over all grain-pair interactions within the material 
point.  The quantities within the summation can be evaluated provided we know the grain-pair 
stiffness and branch vectors.  In principle these properties are different for every interacting grain-
pair.  However, the spatial distribution of these properties within the material point is not known.  
It is notable though that the quantities within the summation are functions of the orientations of 
the branch vector and the product of grain-pair stiffness and branch length.  For describing the 
mean behavior of a random granular material, the micro-scale parameter, represented by the 
product of grain-pair stiffness and branch length, can be taken to be averages for a given branch 
vector direction.   
In principal, the distribution of grain-pair interactions and their properties (length of the interaction 
line and also the inter-granular stiffness coefficients) depend on the direction of the contact. Thus 
the directional distribution of the inter-granular interactions plays an important role in defining the 
constitutive tensors.  In order to approach the directional dependency in a systematic way, a 
directional density distribution function,  ,   , is introduced.  This distribution function is 
intended to represent the directional dependence of number and stiffness of the interacting grain-
pairs.  In isotropic materials all directions have the same properties and bond length and stiffness 
for all directions are equal.  Thus the directional density distribution function is just a constant of 







       
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
             (7.30) 
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where sind d d     denotes the solid angle corresponding to given θ and ϕ values.  Using a 
properly defined density distribution function can lead to models for materials with different levels 
of inherent anisotropy satisfying all symmetry requirements due to the presence and lack of elastic 
symmetries (See Chapter 6).  Other efforts for modeling anisotropic materials using other forms 
of directional density distribution functions can be found in [18, 46, 178].  Considering the volume 
density of grain-pair interactions in a material point to be Np, and assuming an average grain-pair 
stiffness within a solid angle  d , the stiffness tensors derived in Eq. 7.24-7.29 can be rewritten 
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It is seen from the above equations that the granular micromechanical view of the material behavior 






ijklD , and 
m
ijklD , and two sixth rank constitutive tensors, ijklmnA  and ijklmnB .  The grain-pair 
stiffness parameters in these constitutive tensors are conceived, in a statistical sense, to describe 
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the essential grain-scale mechanisms in a collective granular system and do not represent the 
behavior of two interacting grains, isolated from the entire assembly.  This view is in contrast to 
the previous continuum models of granular media in which the grain-pair stiffness coefficients are 
often taken to be those of isolated interacting grains (see for example [19, 31, 32, 179]).  In the 
current model, these stiffness parameters function as the fundamental material properties which 
are related to their measurable continuum counterparts.  Needless to say, results of classical 
continuum model will be recovered if the fluctuation, the second gradient and the rotational inter-
granular stiffness parameters vanish.  However, it is clear from the kinematic analyses presented 
here that these mechanisms should have non vanishing contributions.  The need for including the 
fluctuation and second gradient terms is supported by analyses of grain packing [19, 175] as well 
as computer simulations and experiments of grain assemblies [47, 172, 173] that show strong non-
affine motions in a volume element comprising large number of grains.   






ijklD , and 
m
ijklD , are 
formally similar.  The difference between them is merely due to the difference between the micro-
scale stiffness coefficients of the grain-pair.  For isotropic elasticity the following closed form 
expressions for the fourth rank stiffness tensors are derived by performing the integrations 
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In Eq. 7.37 and 7.38, the subscripts take values 1, 2, or 3 and summation over repeated indices is 
not implied.  A closed form presentation of all components of the sixth rank tensors  ijklmnA  and 
ijklmnB  are also calculated for isotropic elasticity by calculating Eq. 7.33, and 7.36 respectively. 
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We note here that the six stiffness tensors presented in Eq. 7.37-7.40 comply, in form, with the 
general form of fourth and sixth rank isotropic tensors that can be derived based only on 
mathematical considerations (see for example [2, 180]).  In order to facilitate the following 
discussion and, in particular, deriving the equations of motion for the micromorphic media under 
consideration, it is advantageous to write these stiffness tensors (given in Eq. 7.37-7.40) in the 
indicial notation used by Mindlin [2].  Using the definition of the most general form of fourth and 
sixth rank isotropic tensors, the stiffness tensors corresponding to the displacement field (given in 
Eq. 7.37 and 7.39) are rewritten as follows 
1 2
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while those corresponding to the rotation field (given in Eq. 7.38 and 7.40) are given as 
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   (7.42) 
The parameters used in Eq. 7.41 and 7.42 are macroscopic stiffness parameters that define the 
linear elastic behavior of isotropic micromorphic media.  By equating the components of the 
stiffness tensors derived in Eq. 7.37-7.40 with those given in the index form in Eq. 7.41 and 7.42, 
the parameters used in the index form are derived based on the micro-scale intergranular stiffness 
coefficients.  The stiffness parameters corresponding to displacement field are derived as 
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while those corresponding to the rotation field are  
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Note here that the parameters  1 2 and  2      in Eq. 7.43a are the well-known Lamé 




The granular micromechanics approach has been applied to find a micromorphic continuum model 
for elasticity of granular media.  In this approach, continuum model of granular materials is 
obtained by considering the interactions of grain pairs.  Since the complete granular microstructure 
and micromechanics of a material is seldom known, it is impossible to know the displacement of 
all the grains within a material point. 
The relative displacement of interacting grain-pairs are decomposed into an average term 
compatible with the macro-scale field, a micro-scale fluctuation term defined within a material 
point, and its second gradient.  In addition, the second gradient terms are found to give rise to 
relative rotations between grain pairs.  Further grains’ spins and their effect on the inter-granular 
relative displacement and rotations are also taken into account. 
The macro-scale deformation energy density is thus modeled as a summation of micro-scale 
deformation energy defined for each grain-pair as a function of inter-granular relative 
displacements and rotations.  Consequently, inter-granular force conjugates are defined for each 
micro-scale kinematic measure and the macro-scale stress conjugates are obtained in terms of these 
inter-granular forces.  Furthermore, for linear elasticity, the micro-scale deformation energy is 
formulated as a quadratic function of the kinematic measures, which requires introduction of 
different inter-granular stiffness measures.   
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In the macro-scale, conjugate to the different strain measures, a stress field has been introduced.  
Helmholtz free energy density has been defined as a function of all the strain measures (average 
displacement gradient, displacement fluctuation gradient and second gradient, average spin 
gradient, spin fluctuation gradient and second gradient).  The different terms are assumed not to 
be interacting in the formation of energy (No coupling terms in the energy functional are allowed).  
Finally by equating the Helmholtz free energy with the average deformation energy of all grain-
pair interactions, macroscopic stress tensors and stiffness tensors have been derived as based on 
microscopic inter-granular stiffness coefficients.  
Close form solutions for all components of all the defined stiffness tensors have been presented 
for elastic isotropy and the equations in index form have also been formulated.  This formulation 
will be useful for deriving the equations of motion for solving wave propagation problem which 













8 IDENTIFICATION OF HIGHER ORDER MICRO- AND MACRO-SCALE 




One of the most common critiques on extended continuum models, methods that include higher 
order and fluctuation terms, is the lack of a practical approach for calibrating the relevant material 
properties.  Especially for the second gradient terms, since the number of the components in the 
6th rank stiffness tensor is very large, the task of calibration of material properties becomes 
increasingly difficult.  
In this chapter, a practical approach has been presented that can be a beginning point for calibrating 
the stiffness components for higher order and micromorphic models.  Using this approach, it is 
possible to calibrate all the inter-granular stiffness coefficients corresponding to all kinematic 
measures (average, fluctuation, and second gradient) for any given grain assembly.  However, in 
order to apply it to a material system that cannot be identified as an exact grain assembly with 
identifiable grains, grain boundaries, contacts, etc., more work needs to be done. 
The presented approach is based on the concept of deformation energy.  All components of the 
inter-granular relative displacement and rotation contribute separately to the internal deformation 
energy in the material.  In this approach, the boundary conditions pertinent to each component of 
the total displacement are applied on the material point separately.  Using a discrete analysis, 
equilibrium (minimum energy state) is enforced on the granular assembly.  As a result the total 
energy of the assembly is calculated and the stress measure that is conjugate to the applied 
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boundary condition can be derived.  Performing this analysis for different boundary conditions, all 
components of the macroscopic stiffness tensors corresponding to all kinematic measures can be 
derived. 
The analysis is performed with a slightly different micromorphic theory compared to the theory 
presented in Chapter 7.  In the micromorphic theory that was used for this analysis, the effects of 
grain spins are neglected.  However, note that the same analysis can be performed on the complete 
micromorphic theory presented in Chapter 7, which can be a topic of a future work. 
In this chapter, first the micromorphic theory without considering the effects of grain spins is 
presented.  Following that, the equilibrium conditions and the corresponding boundary conditions 
for the micromorphic theory are presented.  Then a brief description of the discrete analysis 
performed on the assembly is given.  Finally, for different grain assemblies, the discrete analysis 
is performed and the material parameters for the micromorphic theory are calibrated.  The grain-
pair stiffness coefficients relevant to the effective continuum medium are then back-calculated 
treating the assembly as a unit cell which is randomly oriented to yield an isotropic material. 
The identification process shows the clear need for the additional macro-scale deformation 
measures for the continuum modeling of granular materials and exemplifies the need for 
partitioning the grain-pair (micro-scale) deformation energy into the corresponding micro-scale 
mechanisms.  The work presented in this chapter is published in 2015 and 2016 [160, 161]. 
8.2 Micromorphic Granular Micromechanics, without grain spins 
 
8.2.1 Kinematics of Granular Media 
To develop the measures that describe the kinematics of a granular assembly, while neglecting the 
effects of grain spins, the relative displacement of two contacting neighbor grains, n and p, within 
a continuum material point in the coordinate system of x is considered.  Displacement of grain p 
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is written using a Taylor series expansion of the displacement of the neighbor grain, n, with terms 




p n n n
i i i j j i jk j kl l l               (8.1) 
where i is the displacement of grain centroids, lj is the vector joining the centroids of the two 
grains, n and p.  The gradient of the displacement field, ,i j , (the micro-scale displacement 
gradient) is decomposed here into two parts, one representing the average or macro-scale 
displacement gradient, ,i j , and the other, ij , representing the gradient, with respect to x’, of the 
displacement fluctuations in the following manner  
, ,ij i j i j ij                (8.2) 
Figure 8.1 shows the schematic representation of a material point in 2D coordinate system and the 
macroscopic coordinate system, x, as well as the microscopic coordinate system, x’. 
 
Figure 8.1- Representation of material point and the global coordinate system, x, and the local coordinate 
system, x’, located at the material point’s center of mass 
 
Note that the macro-scale displacement gradient, ,i j , is independent of coordinates xk.  Grain 
displacement fluctuations are assumed to be linear functions of the local coordinate system, x’ and 
this leads to a micromorphic theory of degree 1 in the terminology introduced by Germain [6, 181].  








homogeneous within the material point) and is a function only of x.  Now considering the second 
gradient terms in the formulation and using Eq. 8.1 and Eq. 8.2 the relative displacement of two 
neighbor grains, n and p, is derived as 
 . , , ,
1 1
2 2
np p n M m g
i i i i j ij j i j k j k i j j ij j i jk j k i i il l l l l l l                        (8.3) 
where 
, , , ,
1
;    ;    
2
M m g
i i j j i ij j i i jk j k i jk jk ij k jkl l l l J J                 (8.4) 
In this equation, the tensor 2ij i jJ l l  represents a moment tensor which is introduced for 
simplifying further derivations.  As seen from Eq. 8.3, the inter-granular relative displacements 
between two interacting (contacting) grains is decomposed into three terms: (1) M
i due to the 
macro-scale displacement gradient, ,i j , (2) 
m
i  due to the gradients of the fluctuation in grain 
displacement,  ij x , and (3) 
g
i due to the second gradient term, i,jk, which is same as the 
gradient of the relative displacements, ,ij k .  A similar analysis could be done for the contact 
problem [182, 183].   
Further, the relative rotation of grains within the granular assembly can be related to the rotation 
field within the material point defined as the curl of displacement field [154].  Now using this 
definition of rotation and applying Taylor series expansion, the relative rotation of two neighbor 
grains, n and p, denoted as θ is obtained as  
 , , ,,
np p n n
i i i i p p ijk k j p ijk k jp pp
l e l e l                (8.5) 
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The inter-granular relative rotation between two interacting grains is, thus, related to the second 
gradient term, i,jk.  That grains undergo relative rotations is also known from measurements of 
kinematic fields in grain assembles [47, 172].  
8.2.2 Macro-scale Stress and Micro-scale Force Conjugates 
 
In the formulation presented hereafter, anti-symmetric part of the average displacement gradient 
tensor, ,i j , is discarded and only the symmetric part,  ,i j , is retained as the classical small 
deformation strain tensor.  The macro-scale deformation energy density of the granular continua 
can now be defined as a function of the continuum kinematic measures as:   ,, , ,ij i jki jW W   
.  Consequently, the macro-scale stress components conjugate to these kinematic measures are 
obtained as  
  ,,
;    ;     ij ij ijk
ij ij ij ki j
W W W W
  
   
   
   
   
      (8.6) 
where ij , ij , and ijk  are Cauchy stress, relative stress, and double stress respectively.  It is now 
noted that the macroscopic strain energy density function can be obtained as the volume average 
of the deformation energies of the grain-pair interactions written as 
 
1




             (8.7) 
where the superscript α denoted the αth grain-pair interaction and it has been intentionally dropped 
from the kinematic measures to simplify the equations.  Now conjugate to each one of these 
displacement measures and the rotation measures, force and moment vectors are defined as 
derivatives of the strain energy function with respect to the corresponding kinematic measure 
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        (8.8) 
Now substituting Eq. 8.8 and Eq. 8.7 into Eq. 8.6 and using the definition of inter-granular 
displacement and rotation measures presented in Eq. 8.4 and Eq. 8.5 respectively, macroscopic 
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               
     (8.11) 
In Eqs. 8.9-8.11, the superscript α has been dropped from the micro-scale kinematic and force 
measures.  We contrast the expressions for the stress tensor conjugates obtained here with those 
reported in literature [184] that are typically based upon the virial theorem [185].  Here, we have 
introduced separate force measures conjugate to the grain-pair (micro-scale) counterparts of the 
continuum deformation measures.   
 
8.2.3 Micro-scale and Macro-scale Constitutive Equations 
 
A set of constitutive equations is now introduced at the micro-scale that link the micro-scale 
kinematics measures to their conjugate force and moment measures as 
;        where  : M, m, g












       (8.12) 
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Here, we note that for simplicity and without the loss of generality, the cross coupling between 
different force and kinematic measures has been ignored.  Thus each of the inter-granular force 
and moment components are dependent only on their conjugated displacement measure.  The 
consequence of this assumption will be that uncoupled constitutive relationships will be obtained 
for the continuum model.  Further, it should be noted that the micro-scale stiffness coefficients in 
Eq. 8.12 represent inter-granular stiffness measures in a statistical sense.  Since the total relative 
displacement between two neighbor grains were previously decomposed into different terms, 
representing the average and fluctuation displacement gradients and also second gradient terms, 
the stiffness coefficients corresponding to them will all contribute, in a statistical sense, to form 
the overall response of the interaction to the grains’ relative displacements.  Now substituting the 
micro-scale constitutive equations, Eq. 8.12, into Eq. 8.9-8.11 and noting that the macro-scale 
strain measures are constant throughout the material point, macro-scale constitutive equations are 
derived as 
1 1 1M M M M M
ij i j ik k j ik l j kl ijkl klf l K l K l l C
V V V
   
  
   
 
    
 
       (8.13) 
1 1 1m m m m
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   
 
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  (8.15) 
Here it should be noted that the summations in Eq. 8.13-8.15 are performed over all grain-pair 
interactions inside the material point.  The quantities inside the summation (stiffness coefficients 
and geometric parameters li and Jij) are all different for every single grain-pair interaction.  It is, 
however, possible to find an average value for all these quantities for grain-pair interactions in any 
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given orientation.  Using these average values, the summation over all grain interactions can be 
changed to integration over all generic orientations.  This is done using two new parameters, Np, 
representing the number density of grain interactions defined as the number of grain-pair 
interactions divided by the volume of the VE, and a normalized directional density distribution 
function, ξ, defining the density of contacts in different orientations within the material point (See 
Chapter 6 for a complete description).  For isotropic materials (or for randomly distributed grain 
assemblies) the density distribution function in 2D and 3D domains will be 
 
1 1




    
 
        (8.16a) 
      
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       
 
         (8.16b) 
In Eq. 8.16a, θ is the polar angle of the 2D polar coordinate system while in Eq. 16b, θ and ϕ are 
the polar angle measured from the vertical axis and the azimuth angle in the 3D spherical 
coordinate system respectively. 
8.2.4 Constitutive coefficients for 2D Granular System 
 
 
For further development in this chapter, the focus will be on two dimensional (2D) material 
systems and grain assemblies for demonstrating and visualizing the model applicability.  In two-
dimensions, the local coordinate system is composed of a unit normal vector, ni, in the direction 
of the branch vector joining the two grains’ centroids and another unit vector, si, lying in the 
direction of the tangential plane, whose normal vector is n.  These Cartesian components of the 











          (8.17) 
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Following the previous discussion about using an average value for the geometric tensors li and Jij 
in any given orientation, and using the 2D density distribution function introduced in Eq. 8.16a, 
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        (8.20b) 
Note that since the method is applied here for only 2D modeling, the indices i, j, k, l, m, and n take 
the value of either 1 or 2.  It should be noted here that in a 2D domain (with in-plane coordinate 
axes 1 and 2) the only possible rotation is the rotation about the axis normal to the plane under 
consideration, 3 axis, denoted as θ3 which gives rise to the moment component m3.  Now, In Eq. 
20b, eijp and elmq denote permutation symbol and since the indices i, j, l, and m can take only values 
of 1 and 2, the indices p and q should only take the value 3.  So the rotational stiffness tensor, G, 
can have only one component, Gpq = G33 = G.  Having this in mind and considering Eq. 8.12 
defining the general constitutive equations in inter-granular scale, the moment-rotation 
constitutive equation in grain-scale can thus be written simply as 
3 3m G            (8.21) 
For the force-displacement constitutive equations in micro-scale, inter-granular force and 
displacement vectors are decomposed in the local directions into two components, one normal and 
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one tangential.  Constitutive equations, in its most general case, in the local level are then defined 
in this coordinate system as 
n n ns n





    
    
    
         (8.22) 
where we have for convenience not shown the superscripts.  As it is seen in Eq. 8.22, in the model 
presented here, the interaction between normal and tangential components of inter-granular force 
and displacement vectors is included.  In the previous versions of the method of granular 
micromechanics this coupling term was ignored and the stiffness tensor was composed of one 
normal component, Kn, and one tangential component, Ks.  It should be pointed, however, that the 
stiffness tensor is still kept symmetric.  The stiffness tensor used in Eq. 8.22 should then be rotated 
to the VE coordinate system to result in the stiffness tensor Kij which will be used in the grain-
scale constitutive equation fi=Kijδj and also in Eq. 8.18, 8.19, and 8.20a. 
11 12 1 1 1 2
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     (8.23) 
For isotropic materials and in linear elastic limit, constitutive equations and their corresponding 
stiffness tensors can be derived in close-form by performing the integrations presented in Eq. 8.18-
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It is noteworthy that the two fourth rank stiffness tensors, 
M
ijklC  and 
m
ijklC , are formally similar.  The 
only difference between the two tensors is that their components are derived based on grain-pair 
stiffness coefficients corresponding to different inter-granular phenomena.  It should also be noted 
that since the average strain tensor is the symmetric part of the macro-scale displacement gradient, 
the strain and its conjugate stress tensor have 3 components.  Thus the stiffness matrix linking the 
average strain tensor to Cauchy stress, 
M
ijklC , is also symmetrized into a 3×3 matrix while 
m
ijklC  is a 
4×4 matrix. 
 
8.3 Variational principle and balance equations 
 
 
To complete the governing equations of the system we derive the balance equations and the 
boundary conditions applicable to the current modeling approach.  Using the definition of different 
kinematic measures introduced in Eq. 8.2 and Gauss’s divergence theorem, the variational of the 
macro-scale deformation energy functional is derived as 
 
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      (8.27) 
If the system is to be in static equilibrium, the internal potential energy should be equal to the 
external energy created by all the external forces applied on the system.  The variational of external 
energy is written as 
ext
i i ij ij i i ij ij
v v s s
f dV dV t dS T dS           W      (8.28) 
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where if  is the non-contact volumic (body) force per unit volume, it  is the contact traction defined 
as a surface force per unit area, ij  is the non-contact volumic (body) double force per unit 
volume, and ijT  is the contact double traction defined as double force per unit area.  Now equating 
the external energy performed by external forces (given in Eq. 8.28) and the internal potential 
energy (given in Eq. 8.27), results in 
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i ij ij j i ij ijk k ij
s s
f dV dV
t n dS T n dS
     
    
        
  
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 
 
     (8.29) 
Now it is noted that Eq. 29 should be satisfied for any arbitrary set of variational of kinematic 
measures, i  and ij .  This implies that the terms inside square brackets in Eq. 8.29 should 
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          (8.31) 
where the stress measures τij, σij, and μijk are defined using the constitutive equations given in Eq. 
24-26 respectively. 
 
8.4 Identification of macro and micro-scale constitutive coefficients  
 
 
To show the applicability of the derived continuum model, a methodology for identification of the 
constitutive coefficients for particular instance of granular materials is developed.  To this end, we 
perform discrete simulations or ‘numerical experiments’ as controlled surrogates to physical 
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experiments.  Here, the numerical experiments are performed using a randomly generated 
assembly of disks whose heterogeneity is impacted by varying the disk size (See Figure 8.2).   
 
Figure 8.2 The granular assembly used in this study 
 
8.4.1 Numerical simulation methodology for discrete 2D granular system 
 
For each grain within the assembly, say nth grain, the variational of the total potential energy can 
be written as 
   ,n n n n n n n n n ni i i i i ijk j k iW W f m e f r       
  
              (8.32) 
where the summation over α denotes summation over all grains which have interaction with nth 
grain.  So fnα, mnα, δnα, and θnα denote the inter-granular force, moment, relative displacement, and 
relative rotation between grains n and α respectively.  Now denoting the total force exerted on the 
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i i i iW F M             (8.33) 
Now considering the definitions of inter-granular kinematic measures 
n
i
  and 
n
i
  given in Eq. 
8.3 and 8.5 respectively, the variation of these relative kinematic measures can be derived based 
on the variation of displacement and rotations fields. 
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        (8.34) 
Setting the right hand sides of Eq. 8.32 and Eq. 8.33 equal and substituting Eq. 8.34 results in 
 n n n n n n n n n ni i i i i i i ijk j k iF M f m e f r  
 
              (8.35) 
Now it should be noted that the above equality should hold for any arbitrary set of kinematic 
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Further, we know that these inter-granular force and moments tensors are attainable using grain-
scale constitutive relationships relating them to inter-granular kinematic measures.  If the inter-
granular stiffness coefficients in normal, tangential, and normal-tangential coupling are taken to 
be nK , sK , and nsK  respectively and the inter-granular moment stiffness is taken to be G , grain-
scale constitutive equations are written as 
 ;     where  n n ni ij j ij n i j s i j ns i j i j
n n
f K K K n n K s s K n s s n
m G




     


   (8.37) 
It should be noted here that these stiffness parameters represent the stiffness of an interacting grain-
pair isolated from the assembly.  Now by combining Eq. 8.36 and Eq. 8.37, the total force and 
moment vectors acting on the nth grain can be derived as a function the relative inter-granular 
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displacements and rotations that are in turn defined as the difference of the displacement and 
rotation of the grain-pair as in Eq. 8.3 and Eq. 8.5, respectively.  In view of this, expressions for 
the total force and moment in the terms of grain motions can be established.  These expressions 
can be assembled to form an overall force-displacement equation governing the behavior of the 
assembly as a whole written as [186] 
     
3 1 3 13 3M MM M
F S u
 
          (8.38) 
where M denotes the total number of grains within the whole assembly.  For each grain there are 
3 kinematic measures (2 displacements and 1 rotation) resulting in a total number of 3M kinematic 
variables represented in u.  Also each grain has 3 force measures (2 forces and 1 moment) resulting 
in a total number of 3M force variables represented in F.  So the overall number of variables in 
Eq. 8.38 is 6M, knowing any 3M of which the other 3M can be derived by solving the system of 
equations represented in matrix form in Eq. 8.38. 
 
8.4.2 Methodology for identification of constitutive coefficients 
 
As it is seen in Eq. 8.13-8.15, constitutive equations governing the behavior of micromorphic 







ijklmn ijklmn ijklmnA A A  .  These stiffness tensors correspond to the average displacement 
gradient field, the fluctuations in displacement gradient, and second gradient of displacement, 
respectively.  From a continuum viewpoint, the strain energy can be written as the sum of the 
energies derived from these three terms as 
, ,
M m
ijkl ij kl ijkl ij kl ijklmn ij k lm nW C C A               (8.39) 
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For finding the components of these stiffness tensors, numerical experiments are performed with 
the 2D grain assembly using the simulation methodology presented in section 8.4.1.  These 
numerical experiments are performed in a manner akin to physical experiments by applying 
boundary conditions on the grain assemblies.  Thus to obtain the components of 
M
ijklC , we purely 
apply on the boundary of the grain assembly a specified macro-scale displacement gradient while 
holding the fluctuation displacement gradient, ij , and the second gradient term, ,ij k , to be zero.  
In order to achieve this type of displacement at the boundary, boundary grains and their immediate 
neighbors are displaced by the amount that is compatible with the specified macro-scale 
displacement gradient.  In this manner, the fluctuations in the displacement gradient and the second 
gradient of displacement are ensured to be zero.  The schematic of the movement applied on the 
boundary grains for this type of loading is seen in Figure 8.3.a1.  For the assembly loaded in this 
manner, the strain energy will be 
 ,0, 0ij ij k
M
ijkl kl ijW C               (8.40) 
Applying any component of strain on the assembly and deriving the energy using Eq. 8.32 and 
equating it with the right hand side of Eq. 8.40 results in an equation based on the corresponding 
components of the stiffness tensor.  Before symmetrizing the stiffness tensor, it can be written as 
a 4×4 matrix with major symmetry.  Thus it has 10 independent components.  So in order to 
calculate all its 10 independent components, 10 different displacement fields on the boundary need 




Figure 8.3 Schematics of the boundary grains’ displacement applying average strain, fluctuation strain, and 
second gradient strain (a.1, a.2, and a.3 respectively), grains displacement in the three loading schemes (b.1, 
b.2, and b.3), histogram of normal component of inter-granular displacement (c.1, c.2, and c.3), histogram 
of tangential component of inter-granular displacement (d.1, d.2, and d.3), and histogram of grain 
interactions’ energies (e.1, e.2, and e.3) 
 


























































































































































































a.1 a.2 a.3 
c.1 c.2 c.3 
d.1 d.2 d.3 
b.1 b.2 b.3 
e.1 e.2 e.3 
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Four of the above loading scenarios will include applying displacement gradient only in 11, 22, 12 
and 21 directions while the next six will be in the direction of combinations of those.  Writing Eq. 
40 for all these 10 cases will lead to a system of 10 equations and 10 unknowns solving which will 
result in all components of 
M
ijklC .  The 4×4 stiffness matrix is then reduced to the 3×3 stiffness 
matrix by imposing symmetry of strain and conjugate stress. 
 
For finding the components of 
m
ijklC , we purely apply fluctuations in displacement gradient while 
keeping the macro-scale displacement gradient and the second gradient of displacement to be zero.  
For this type of boundary condition, the boundary grains are kept stationary while their immediate 
neighbors are moved according to a fluctuation in displacement gradient and using Eq. 8.3.  The 
schematic of the movement applied on the boundary grains for this type of loading is seen in Figure 
8.3.a2.  By loading the assembly in this manner the strain energy of the assembly will be 
 ,0, 0ij ij k
m
ijkl ij klW C               (8.41) 
Applying the same components of fluctuation strain as it was done for finding 
m
ijklC  and loading 
the assembly in 10 different directions and solving the energy equation from Eq. 8.41, all the 10 
components of the tensor 
m
ijklC  are derived. 
And finally for finding the components of the sixth rank stiffness tensors, second gradients of 
displacement fluctuations are applied on the assembly while keeping the average and fluctuations 
in displacement gradient to be equal to zero.  For this purpose the boundary grains are kept 
stationary while their immediate neighbors are moved in consistence with the second gradient in 
the displacement fluctuations.  Boundary grains’ neighbors’ movements are derived using Eq. 8.3 
with the desired value of 
,ij k .  The schematic movement of boundary grains for this type of 
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loading is presented in Figure 8.3.a3.  In this loading scheme the internal strain energy will be 
derived as 





          (8.42) 
As it is seen in Eq. 8.26, in a 2D granular system, the sixth rank stiffness tensor ijklmnA  can be 
written as an 8×8 matrix with 36 independent components.  To find all these components, second 
gradient of displacement in 36 different combinations need to be applied on the material.  Eight of 
these combinations are indicated by the eight different components of ijk and the 26 remaining 
ones are composed of their combinations.  Finding the energy for each one of these cases using 
Eq. 8.32 and writing Eq. 8.42 result in a system of 36 equations and 36 unknowns that when solved 
will yield all components of the second gradient stiffness tensor. 
 
8.5 Results and Discussions 
 
Random assembly of 3 sized disks was generated with 576 total disks composed of 301 disks of 
size 19 m, 150 disks of 22 m, and 125 disks of 28 m, within a cell of period 1mmx1mm as 
depicted in Figure 3.  The total number of grain-pair interactions is 1384.  Two sets of simulation 
were performed: in case 1 the stiffness were specified as  17.5 KNn sK K mm   and 
0.0nsK G  ; while in case 2  100 17.5 KNn sK K mm   and 0.0nsK G  . It is noteworthy 
that for case 1, the normal and tangential stiffness coefficients are same, while for case 2, the 
tangential stiffness is negligible thus potentially generating contrast in the emphasis of fluctuation 
and second gradient terms.  
To illustrate the identification process, in Figure 8.3 sample results from three different types of 
boundary conditions described in section 8.4.2 are presented.  Figure 8.3(a1-e1) present the results 
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from application of 11=0.01, while all other components are held zero.  Figure 8.3(a2-e2) present 
the results from application of 11=0.01, while all other components are held zero.  Figure 8.3(a3-
e3) present the results from application of 11,1=0.1/mm, while all other components are held zero.  
A schematic of boundary grains' movement applied to the grain assembly in these three different 
loadings can be seen in Figure 8.3(a1-a3).  Figures 8.3(b1-b3) show the movement of grains due 
to the applied strain component while Figures 8.3(c1-c3) and 8.3(d1-d3) present the average and 
standard deviation of the normal and tangential components, respectively, of the relative 
displacement for grain-pair contacts in different directions. 
Figure 8.3(e1-e3) present the average and standard deviation of the strain energy created in grain-
pair interactions in different directions.  It is remarkable that in the cases where the average 
displacement gradient applied on the assembly is zero, (cases in Figures 8.3b and 8.3c) the average 
of both normal and tangential components of relative inter-granular displacement vectors are zero 
for contacts in all different directions.  The standard deviations are, however, not negligible 
compared to the case where average displacement gradient is applied.  Most importantly, the 
overall energies for the type 2 boundary conditions are similar to type 1 at the given strain-level.  
Further, the second gradient deformation also results in comparable energy-level at the given level 
of deformation.  There is a clear need for partitioning the grain-pair (micro-scale) deformation 
energy into the corresponding micro-scale mechanisms. 
The identified constitutive coefficients are listed in Table 8.1 and 8.2 in column titled unit cell.  
Due to the finite size, the disk assembly show small degree of anisotropy and has completely 
populated constitutive matrices although, quite evidently, the minor terms have a small numerical 
value.  For identification of the grain-pair stiffness relevant to the effective micromorphic 
continuum medium which is isotropic, we consider that the unit cell (Figure 8.2) is randomly 
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oriented as in polycrystals.  As a result, an isotropic stiffness tensor of an RVE with many unit 
cells through the VRH directional averaging process [187] is estimated, which are listed in Table 
8.1 and 8.2 in column titled RVE. 
Table 8.1 Components of two fourth rank stiffness tensors (CM and Cm) for the two sets of grain properties, 
derived for the unit cell, the RVE, and using the present model 
 Case 1 Case 2 
Component 













MC  42.6 42.6 42.6 27.3 27.9 27.9 
22
MC  42.8 42.6 42.6 28.1 27.9 27.9 
33
MC  20.4 20.5 20.5 7.8 7.6 7.6 
12
MC  1.6 1.6 1.6 13.0 12.8 12.8 
13
MC  0.3 0.0 0.0 0.5 0.0 0.0 
23
MC  0.1 0.0 0.0 0.4 0.0 0.0 
11
mC  7.8 7.3 7.3 4.5 4.1 4.1 
22
mC  6.8 7.3 7.3 4.1 4.1 4.1 
33
mC  6.7 7.2 7.2 2.6 3.1 3.1 
44
mC  7.6 7.2 7.2 3.1 3.1 3.1 
12
mC  0.1 0.1 1.6 0.3 0.5 12.8 
13
mC  0.2 0.0 0.0 0.2 0.1 0.0 
14
mC  0.1 0.0 0.0 0.0 -0.1 -0.1 
23
mC  0.0 0.0 0.0 0.1 0.1 0.0 
24
mC  0.1 0.0 0.0 -0.1 -0.1 -0.1 
34
mC  0.1 0.1 0.1 0.2 0.5 0.5 
 
It is noteworthy, that the unit cell and the estimated RVE have small differences, implying that the 
unit cell (shown in Figure 8.2) is only slightly anisotropic.  Subsequently, grain-pair stiffness 
coefficients relevant to the effective micromorphic using Eq. 8.24-8.26 are calculated and provided 
in Table 8.3.  The parameters thus found are then substituted into Eq. 8.24-8.26 and the constitutive 
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coefficients from the method of granular micromechanics derived and listed in Tables 8.1 and 8.2 
in column titled model. 
Table 8.2 Components of the sixth rank stiffness tensor for the two sets of grain properties, derived for the 
unit cell, the RVE, and using the present model 
 Case 1 Case 2 












A111111 241 253 253 145 144 144 
A112112 142 128 84 68 62 41 
A122122 239 254 254 89 104 104 
A211211 243 254 254 94 104 104 
A212212 140 128 84 66 62 41 
A222222 238 253 253 146 144 144 
A111112 -12 0 0 -3 2 2 
A111122 10 -3 84 4 1 41 
A111211 0 0 0 -3 -3 -3 
A111212 1 1 0 8 10 10 
A111222 0 0 0 3 0 0 
A112122 16 0 0 9 2 2 
A112211 -1 -1 0 7 10 10 
A112212 0 0 0 -1 0 0 
A112222 1 1 0 6 10 10 
A122211 0 0 0 3 0 0 
A122212 -1 -1 0 5 10 10 
A122222 0 0 0 2 3 3 
A211212 -11 0 0 -8 -2 -2 
A211222 10 -3 84 10 1 41 
A212222 15 0 0 6 -2 -2 
A221222 15 0 0 6 -2 -2 
 
The model results have a perfect match with discrete simulation for the constitutive coefficients 
associated to macro-scale displacement gradients and the fluctuations in displacement gradient.  
Since the number of independent material properties used in the method of granular 
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micromechanics is less than the number of independent components in the second gradient 
stiffness tensors, an optimization scheme is used to find the microscopic stiffness parameters.   
 
Table 8.3 Table of micro-scale constitutive coefficients derived for the assembly (units: K in kN/mm and 









































 15.5 -4.0 1.7 1.0 -5.4E-02 0.41 0.25 -1.4E-02 Neg. 
 
A good agreement is also found for the constitutive coefficients associated to the 2nd gradient of 
displacement.  Most importantly, the orders of different terms and the major non-zero terms are in 
concurrence.  It is also remarkable that there are non-zero coupling terms, Kns (the terms which 
are responsible for the coupling between normal and shear components of force and displacement 
vectors and vice-versa) in the micro-scale constitutive relationships which affect the macroscopic 
stiffness tensors.  Although their effects are of smaller order compared to that of the diagonal 
stiffness coefficients, Kn and Ks, nevertheless they conform to the relationships derived from the 
present model.  As seen from Eq. 8.25 and 8.26, some macro-scale constitutive coefficients include 
these coupling coefficients.  In traditional continuum models, these components are zero for 
isotropic materials.  However, it is seen that the relationships between them are satisfied in the 
results derived here.  It is also noted that the micro-scale moment stiffness coefficients, G, are 
negligible (of the order 10-16 N.mm), which implies that for this particular simulations the grain 
rotations do not have a insignificant role.  However, this is likely a result of assumed zero rotational 
stiffness in the discrete simulations. 
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Finally, the back calculated micro-scale constitutive coefficients in Table 8.3 are compared with 
those assigned in the discrete simulations.  It is clear that the needed micro-scale constitutive 
coefficients are significantly affected by heterogeneity introduced by microstructure, such that the 
continuum modeling with only macro-scale displacement gradients is not sufficient even for the 
relatively uniform system analyzed here, wherein the stiffness coefficients assigned to all grain-
pairs all identical.  Grain neighborhoods affect the behavior of grain interactions significantly, 
such that the effective grain-pair stiffness cannot be just estimated from the stiffness of two isolated 
grains.  Additional macro-scale deformation measures are, therefore, necessary for the continuum 
modeling of granular materials.  Similar observations have been made for other material systems 
such as pantographic trusses [176, 177], biomaterials [188, 189], and in fiber composites [190].  It 
is also noted that the application of isolated grain-pair stiffness to estimate the energies and stresses 
associated with different deformation measures as have been proposed in some multi-scale 
modeling that aim to bridge discrete-continuum models also need to be carefully considered. 
 
8.6 Summary and conclusion 
 
 
In the present chapter the granular micromechanics approach, previously derived in three 
dimensions and with considering the effects of grain spins, has been derived in two dimensions 
and with neglecting the effects of grain spins.  By equating the macroscopic strain energy density 
to the volume average of inter-granular energy functions, macroscopic stiffness tensors 
corresponding to each of the kinematic measures have been derived based on the inter-granular 
stiffness coefficients and the geometrical properties of the grain assembly.  For isotropic 2D 
assemblies, closed-form expressions of the stiffness tensors components have been obtained.   
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A practical method to identify the macro- and micro-scale constitutive coefficients from discrete 
simulation has been described.  The procedure was applied to obtain the stiffness tensors 
corresponding to the macro-scale displacement gradient, fluctuations in displacement gradient and 
second gradient of displacement for a particular grain assembly.  This kind of approach can be 
used for any given material system or grain assembly. 
Based upon the identification results it can be concluded that the effective grain-pair stiffness 
coefficients in the method of granular micromechanics, or perhaps any micromechanically-based 
continuum model, are different from the isolated grain-pair stiffness coefficients used in discrete 
simulations.  In the continuum models, the stiffness coefficients represent, in a collective manner, 
the average behavior of grain-pair interactions.  These effective stiffness coefficients are unique 
for each material or granular assembly since, the inter-granular mechanisms are affected not only 
by the two grains under consideration, but also by the grains in the neighborhood and by extension 
the whole assembly.  It is also found that the stiffness coefficients corresponding to the average 
displacement gradient terms have the largest values but the coefficients corresponding to 
displacement gradient fluctuations are also significant and of a similar order.   
It is seen that using the method of granular micromechanics, results that are equally accurate 
compared to results of discrete analyses and it is achieved by much less computational effort.  This 
makes the method applicable for more complex and realistic materials and grain assemblies.  The 
micromorphic and second gradient terms are necessary for modeling some frequency dependent 
wave transmission/reflection phenomena at material interfaces [154, 191-193].  The micromorphic 
behavior of granular materials indicates the possibility of realizing materials with alternate 
synthesis pathways which show specific wave propagation behaviors that can be used for vibration 
control as alternative to piezoelectric materials [194-200] or for identification [190, 201, 202].  
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Alternatively, such materials can be applied to help the optimize control procedures [188, 189] or 
for optimal biomaterial design [203] in bone mechanics. 
The identification process described herein can be used for extending the applicability of 
micromorphic models or its micropolar and second gradient simplifications to describe post-
instability macro-scale behavior, such as boundary and localization layers in micro-structured 













As the last step for completing the formulation of the micromorphic theory with considering grain 
spins, within the framework of the method of granular micromechanics, in this chapter, the 
differential equations governing the equilibrium of these materials are derived.  For this purpose, 
all the sources of energy are calculated.  These include 1) the internal potential energy due to the 
different strain measures and their conjugate stress measures, 2) the external work performed on 
the material by the body forces and moments, and 3) the kinetic energy due to the different sources 
of deformations in the material point. 
Utilizing the action functional [2, 159], imposing the balance of internal, external, and kinetic 
energies, equilibrium equations and relevant boundary conditions are derived.  By substituting the 
constitutive equations for linear elastic isotropic micromorphic materials (derived in Chapter 7) 
into the balance equations, displacement equations of motion for isotropic materials are derived.  
Using these equations propagation plane waves through the material is studied. 
Propagation of waves within isotropic and anisotropic media are fundamentally different.  If the 
material studied is isotropic, the direction of wave propagation will not affect the results.  Whereas, 
for anisotropic materials, for which the formulation was presented in Chapter 6, the direction of 




In this chapter, plane wave propagation within both isotropic and transversely isotropic materials 
has been studied.  Dispersion graphs representing the relationship between the wave frequency 
and wave number have been derived showing interesting phenomena that cannot be captured with 
usual first gradient continuum theories.  Some parts of the results presented here have been 
published [154], and the study of wave propagation within micromorphic media with grain spins, 
and also for anisotropic materials will be published later.  Moreover, a parametric study has been 
performed showing the effect of model parameters on the wave-propagation behavior of 
anisotropic materials.  
 
9.2 Variational principle and balance equations 
 
In this section, the balance of internal potential energy, external work, and the kinetic energy, for 
a general micromorphic medium is studied in order to derive the equilibrium equations and 
boundary conditions for such media.  Then using the constitutive relationships derived in chapter 
7, equations of motion in terms of the kinematic measures are derived.  For this purpose, the 
variation of internal potential energy is defined using the definition of the stress measures for the 
micromorphic media and the conjugate kinematic measures presented in Eq. 7.11. 
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  (9.1) 
where, using Eq. 7.5a and 7.5b, the microstrain tensors corresponding to displacement and rotation, 
ij
  and ij
 , have been replaced with ,i j ij
   and ij ij
   respectively.  The variational of 
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the macro-scale deformation energy functional is thus derived as the integral of the variation of 
internal potential energy over the volume, V, which using Gauss’s divergence theorem can be 
rewritten as 
       
   
, ,, ,
v
ij ij i ij ijk k ij ij ij i ij ijk k ijj j
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 (9.2) 
where S is the surface covering the volume element V and its outward unit normal at any point is 
the vector n. 
In order to calculate the kinetic energy of the micromorphic material, it is divided into two main 
components, Tϕ, which is due to grains’ displacements, T, which is due to grains’ rotations.  In 
order to calculate the different components of kinetic energy of the material point, one needs to 
define the material’s mass and its moments of inertia.  For this purpose, the parameter ρ’ is defined 
as the density of the grains (solid particles) in the material point.  On the other hand, density of the 
unit cell that is made of grains and its surroundings (i.e. the density of the grain and its surrounding 
space) is referred to using the parameter ρ.  Using these parameters, material point’s mass and 

















          (9.3) 
While it is noted that since the local coordinate system is placed at the material point’s center of 
mass the moments of inertia of odd rank will vanish (
' '
' ' ' ' ' ' 0i i j k
v v
x dV x x x dV     ). 
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In calculating the kinetic energy due to both kinematic components of grains (their displacement 
and rotation) one needs to take into account both the average and the total gradient of the total 
kinematic measures.  Thus the kinetic energy due to displacement, which herein is called Tϕ, will 
have two terms, one due to rate of i  and one due to rate of  ij
 .  In the same way, the kinetic 
energy due to displacement, which herein is called T, will have two terms, one due to rate of i  
and one due to rate of  ij
 .  Considering all these terms, the kinetic energy is formulated as 
1
2 ' ' '
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J r dV r dV      are the second and fourth order polar moments of inertia.  
So the variation of the kinetic energy over the material point can be written as 




2 ' ' '
1
2 ' ' '
t t
jk
i i ij ik i i ij ij
o V o V
t
jk










   
       

          





     
 
 















t m t t m t t m t t
              
           
 
 (9.5) 













      
' '
      
' '



















m t m t
J J
dt dV













   
       
   
       
   






















      
 
     (9.6) 
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Now noting that all kinematic measures   , , , and i ij i ij     , and their rates vanish at the initial 











             
 
     
 
 T    (9.7) 
Now the only remaining source of energy is the external work of long range forces and moments.  
One needs to calculate the variational of the external works done by long range body (volume), 
surface, and edge forces and moments acting on the material point to have the complete 
formulation for the energy of the material point.   
           
ext
i i i i ij ij ij ij
v v v v
i i i i ij ij ij ij
s s s v
f dV m dV dV dV
t dS q dS T dS dV
 
 
    
   
     
    
   
   
W
    (9.8) 
In Eq. 9.8, if  is the non-contact volumic (body) force per unit volume, it  is the contact traction 
defined as a surface force per unit area, while im  is the volumic moment per unit volume and iq  
is the contact moment per unit area.  ij  is the non-contact volumic (body) double force per unit 
volume, and ijT  is the contact double traction defined as double force per unit area, both associated 
with the total displacement gradient.  The two tensors ij  and ij  are the non-contact volumic 
(body) double force per unit volume and contact double traction both associated with the total 
gradient of spins.  Now utilizing the action functional, the variational equation of motion is written 
using Hamilton’s principle as 






A T W dVdt dt dt               W W W T    (9.9) 
Substituting Eq. 9.2, 9.7, and 9.8 into Eq. 9.9, and dropping the integration over time yields the 
following equation for the balance of potential and kinetic energies of the material point. 
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For the variational of the action functional to be always equal to zero, all the integrals in Eq. 9.10 
should simultaneously be equal to zero.  Setting the volume integrals equal to zero results in 
equilibrium equations, while setting the surface integrals equal to zero results in the corresponding 
boundary conditions.  It is also noted that these integral should be equal to zero for arbitrary 
kinematic measures.  So all the terms inside square brackets in Eq. 9.10 should vanish 
simultaneously.   
The four equilibrium equations, in terms of stress measures, for micromorphic media with grain 
spins are therefore derived as 
 
,ij ij i ij




ij ijk k ij ik
I
m
               (9.11b) 
 
, '




             (9.11c) 
,
'
ij ijk k ij ijP Q
m
             (9.11d) 
and the four boundary conditions given in terms of the stress measures and body forces are 
 ij ij j in t             (9.12a) 
ijk k ijn T             (9.12b) 
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 ij ij j iM P n q            (9.12c) 
ijk k ijQ n              (9.12d) 
 
9.3 Displacement equations of motion 
 
 
The objective of this section is to derive the general form of displacement equations of motion, i.e. 
the equilibrium equations in terms of kinematic variables, for elastic micromorphic media.  For 
this purpose, the macroscopic constitutive equations derived in 7.24-7.29 are substituted into the 
equilibrium equations, Eq. 9.11, resulting in the following equations of motion 
, ,
M m m
ijkl ijkl k lj ijkl kl j iC C C




















ijkl k l kl ijklmn lm nk ijD B
m
                (9.13d) 
where the noncontact volumic forces and moments corresponding to grain displacements and 
rotations, if  and im , and the double forces and moments,  and ij ij  , are assumed to be absent.  
It is notable that the first two equations, Eq. 9.13a and 9.13b, only contain terms corresponding to 
the kinematic measures associated with grain displacement (  and i ij
  ).  Also the third and fourth 
equations, Eq. 9.13c and 9.13d, just contain terms corresponding to the kinematic measures 
associated with grain spins (  and i ij
  ).  Therefore, the four equations of motion can be 
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decomposed into two sets of equations, one for the displacement terms (Eq. 9.13a and 9.13b) and 
one for rotation terms (Eq. 9.13c and 9.13d). 
In order to further simplify the equations of motion, the second and fourth rank moments of inertia 
are calculated.  For regular 3D shapes that can be used to represent a unit-cell, the second rank 
moment of inertia tensor is a diagonal matrix whose diagonal elements are all equal  21 'I m R  
while the polar and the fourth rank moments of inertia are also equal to 
2
2 'J m R  and 
4
3 'm R   respectively, where m’ and R represent the unit cell’s mass and radius and 
1 2 3, , and     are shape factors (See Table 9.1 for values of the shape factors 1 2 3, , and     for 
spherical and cubic unit cells) 




α1 α2 α3 
Sphere r (radius) 1/5 2/5 12/35 
Cube d (edge length) 1/12 1/6 7/360 
 
Now substituting the stiffness tensors of an isotropic micromorphic media, given in index form in 
Eq. 7.41 and 7.42, into Eq. 9.13, the equations of motion in terms of the stiffness coefficients are 
derived as 
   
     
        
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1 , , , , , , , 4 , ,
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2 2 2
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ij kn nk kk nn kk ij ki jk jk ki kj ik ji kk ik kj ij kk
ij k k kk i j ij j i ji ij
b b b b b b
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b b b R
  
        
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         
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         
         
         
        
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These two sets of equations are decoupled from each other and should be solved separately.  
However, it is noted that the two equations in Eq. 9.14a contain both the average and the total 
gradient of the displacement field.  Also the two equations in Eq. 9.14b contain both the average 
and the total gradient of grains’ spins field. 
First equation in each one of the above system of equations represents 3 equations for the three 
components of  and i i   while the second equations represent 9 equations for the 9 components 
of  and ij ij
   .  So the 12 equations contained in Eq. 9.14a should be solved simultaneously for 
all components of  and i ij
   and the 12 equations contained in Eq. 9.14b should be solved 
simultaneously for all components of  and i ij
  . 
In order to solve these problems, two types of waves, one displacement wave and one rotation 
wave are considered.  What follows contains a complete analysis of the propagation of these two 
types of waves.  
9.4 Plane wave propagation within isotropic micromorphic media 
 
 
For studying wave propagation in isotropic media, wave propagation in all directions are identical 
and hence, study of the propagation of waves in only one direction will be sufficient.  Here, without 
loss of generality, propagation of waves along 1x  axis is studied.  In this case for a plane wave 
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solution, all kinematic measures should be only functions of the axis 1x  and time in the following 
manner. 
   1 1,      and     ,i i ij ijx t x t
             (9.15a) 
   1 1,      and     ,i i ij ijx t x t
             (9.15b) 
Due to material’s isotropic behavior, the two directions perpendicular to the direction of wave 
propagation, 2 and 3, are identical.  Having this in mind, a linear decomposition of second rank 
tensors has been applied on both  and ij ij
    (total gradients of the displacement and rotation 
fields) as follows 
11 113   and    
D
ii
                   (9.16a) 
11 113   and    
D
ii
                   (9.16b) 
where  and 
   represent the volumetric component of the total gradients of displacement and 
rotation respectively, while 11 11 and 
D D   are the deviatoric components of the total gradients of 
displacement and rotation respectively.  Using this decomposition, the diagonal components of the 
aforementioned second rank tensors can be rewritten in terms of the volumetric and deviatoric 
components as follows  
11 11 22 33 11       and       2
D D                       (9.17a) 
11 11 22 33 11       and      2
D D                       (9.17b) 
A set of general solutions for the differential equations of motion are given by the Harmonic wave 
functions below  
   1 1;       ;
i x t i x t
i i ij ijAie B e
    
 
          (9.18a) 
   1 1;      ;
i x t i x t
i i ij ijC ie D e
    
 
          (9.18b) 
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where ξ is the wave number with units of 1/m, ω is the frequency with units of rad/s, and the 
coefficients iA , ijB , iC , and ijD  represent wave amplitudes corresponding to the average 
displacement, displacement gradient, average spin, and spin gradient fields respectively.  The 
volumetric-deviatoric decomposition is applied on the solutions presented in Eq. 9.18a and the 
result is substituted into the displacement equations of motion (Eq. 9.14a) resulting in dispersion 
relationships for different components of displacement waves. The same decomposition is applied 
on the solutions presented in Eq. 9.18b and the result is substituted into the spins equations of 
motion (Eq. 9.14b) resulting in dispersion relationships for different components of spin waves.  
Since the two sets of equations of motion (Eq. 9.17a and Eq. 9.14b) are formally identical, the 
solutions and the dispersion relationships will be identical as well.  The only difference between 
the two waves originates from the difference in the kinetic energy corresponding to the two terms 
(See Eq. 9.7) and also the difference between the values of stiffness coefficients corresponding to 
the two fields.  What follows contains the derivation of dispersion relationships for different 
components of both displacement and spin waves within isotropic micromorphic media. 
 
9.4.1   Displacement waves in isotropic media 
 
The proposed solutions for the average displacement field and the total gradient, given in Eq. 
9.18a, are substituted into the corresponding equations of motion, Eq. 9.14a.  Using the volumetric-
deviatoric decomposition of the total gradient of the displacement, the equations of motion are 
decomposed into four parts: 
I. Longitudinal waves; for which the kinematic components are 1 11,  , and 
D     
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II. Transverse waves in 2- or 3-direction; for which the kinematic components are either 
    2 12 12,  , and      or     3 13 13,  2 , and 2     
III. In-Plane shear waves; concerning the shear waves inside the plane perpendicular to the 
direction of wave propagation, 23-plane here.  The kinematic components here are 
   23 232  and 2
    
IV. Relative in-plane normal wave; for which the kinematic component that is being studied is 
22 33
   . 
The above decomposition guarantees that the differential equations corresponding to the four 
groups of waves are mutually independent and can be solved separately. 
 
I. Longitudinal waves 
This system of equations belongs to the components of the displacement field which are in the 
direction of propagation of the wave (direction 1).  The system of equations and unknowns can be 
written in the following matrix form 
2 2
11 12 13 1
2 ' 2 2 2
12 22 22 1 23
2 2 ' 2 2 11
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     
     
       
    
    
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     (9.20) 
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In order for the system of equations and unknowns presented in Eq. 9.19 to have non-trivial 
solutions, the determinant of the coefficients matrix should be zero.  The matrix is evaluated at 
any given wave number (ξ) and the determinant is set equal to zero resulting in a sixth order 
algebraic equation in terms of frequency (ω) with 6 real-valued solutions, three negative valued 
and three positive valued.  The three positive values represent the frequency of the three wave 
components in the longitudinal direction.  The results are presented in form of dispersion graphs 
(frequency vs. wave-number) later. 
II. Transverse waves 
This system of equations belongs to the components of the displacement field which are inside the 
plane perpendicular to the direction of propagation of the wave.  The plane can be either the 12 






2 ' 2 2 2
12 22 22 1 23 1
2 2 ' 2 2









T T T R T
T T T T R


    
     
     
     
    
        
          
   (9.21) 
where i = 2 and 3 and  
 
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Note that due to the isotropy of the material, wave components in the two transverse directions (2 
and 3) are identical.  In order to ensure having non-trivial solution, the determinant of the 
coefficients matrix in Eq. 9.21 is set equal to zero at any given wave number (ξ).  This results in a 
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sixth order algebraic equation in terms of frequency (ω) with six real-valued solutions, three 
negative valued and three positive valued.  The three positive values represent the frequency of 
the three wave components in the transverse direction.   
III. In-plane shear waves 
This system of equations belongs to the symmetric and anti-symmetric shear components of waves 
inside the plane perpendicular to the direction of propagation of the wave.  The system of equations 
and unknowns can be written in the following matrix form 
 
 
2 ' 2 2
2311 11 1
2 ' 2 2








   
      
     
       
     (9.23) 
where  





2 5 105;         2 3 15;
105;         3;
g g m m
p n w p n w
g m
p w p w
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    (9.24) 
It can be noted from Eq. 9.23 that the symmetric and anti-symmetric parts of the in-plane shear 
component of the total gradient of the displacement field are fully decoupled from each other.  In 























           (9.25) 
 
IV. Relative in-plane normal wave 
The only remaining equation will be concerning the difference between the two in-plane normal 
components of the total gradient of the displacement, 22 33
   , and is formulated as 
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   2 ' 2 211 11 1 22 33 0D D R                   (9.26) 
where  
   11 1 2'4 12 5 105;         2 3 15g g m mp n w p n wl ND DK K l N K K        (9.27) 
The trivial solution for Eq. 9.26 is obviously 22 33 0
    .  This, however, implies that there is 
no such wave since its amplitude will be always zero.  Thus, for the equation to have non-trivial 











            (9.28) 
 
9.4.2   Spin waves in isotropic media 
 
 
As it was stated before, the analysis of spins waves is identical to that of displacement waves.  
However, for completeness purposes, results of the analysis of different components of spins 
waves are presented here. 
Applying the volumetric-deviatoric decomposition to the spin waves (see Eq. 9.16b and 9.17b), 
equations of motion are decomposed into four parts: 
I. Longitudinal waves; where the kinematic components are 1 11,  , and 
D     
II. Transverse waves in 2- or 3-direction; where the kinematic components are either 
    2 12 12,  , and      or     3 13 13,  , and      
III. In-Plane shear waves; concerning the shear waves inside the plane perpendicular 
to the direction of wave propagation, 23-plane here.  The kinematic components 
here are 
   23 232  and 2
    
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IV. Relative in-plane normal wave; where the kinematic component that is being 
studied is 22 33
    
With this decomposition, the dispersion equations are fully decoupled and can be solved 
independently. 
I. Longitudinal waves 
This system of equations belongs to the components of the kinematic fields which are in the 
direction of propagation of the wave (direction 1).   
2 2 2
11 2 12 13 1
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2 2 ' 4 2 11
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     (9.30) 
Dispersion relationships for the longitudinal spin waves are derived by setting the determinant of 
the coefficients matrix in Eq. 9.29 equal to zero. 
 
II. Transverse waves 
The system of equations belonging to the components of the spin field which are inside the plane 
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  (9.31) 
where i = 2 and 3 and 
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Note that due to the isotropy of the material, wave components in the two transverse directions (2 
and 3) are identical.  The dispersion relationships concerning this group of waves is derived by 
setting the determinant of the coefficients matrix in Eq. 9.31 equal to zero. 
 
III. In-plane shear waves 
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where  
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    (9.34) 
Since the two equations inside Eq. 9.33 are fully decoupled, a closed form solution for the 
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IV. Relative in-plane normal wave 
The only remaining equation will be concerning the difference between the two in-plane normal 
components of the total gradient of the spins, 22 33
   , and is stated as 
   2 ' 4 211 11 3 22 33 0D D R                   (9.36) 
where  
   11 1 2'4 12 5 105;         2 3 15g g m mp n w p n wl ND DG G l N G G        (9.37) 
In order to ensure a non-trivial solution, the dispersion relationship for this component of spin 











            (9.38) 
 
 
9.5 Plane wave propagation within transversely isotropic micromorphic media 
 
 
In this section, the focus is on the analysis of propagation pf displacement plane waves within 
anisotropic media.  First thing to note is that for anisotropic media, the dispersion behavior in 
different directions will be different based on the material properties and the elastic symmetries 
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present in the material.  For demonstration purposes here, propagation of displacement plane 
waves inside transversely isotropic media has been studied only.  Analysis of spin waves might be 
performed in the same manner.  Moreover, analysis of wave propagation within materials with 
higher levels of anisotropy can also be done with the same approach as what will be presented 
here. 
The displacement equations of motion presented in Eq. 9.13a and 9.13b should be rewritten for 
transversely isotropic materials.  In fact, the stiffness tensors should be replaced by stiffness 
tensors corresponding to transversely isotropic materials.  As a first approximation, it is assumed 
that only the macroscopic stiffness tensor 
M
ijklC  is transversely isotropic, while the other stiffness 
tensors remain isotropic.  For this kind of material, the displacement equations of motion will be 
different from the one presented in Eq. 9.14 for isotropic materials.  The general form of 
displacement equations of motion for a material whose macroscopic stiffness tensor 
M
ijklC is 
anisotropic can be given as 
   
     
        
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2 2 2
M
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b b b R
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         
         
       
        
 









Now, without loss of generality, let us consider a transversely isotropic material whose axis of 
rotational symmetry is axis 1.  For this kind of material, the stiffness tensor will be such as the one 
shown in Eq. 6.3.  For calculating the stiffness tensor of such a material, the approach presented 
in Chapter 6, section 6.3 is adopted.  In the approach, material’s microscopic properties include 
stiffness coefficient in normal direction, two stiffness coefficients in the two tangential directions.  
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Moreover, the directional density distribution of inter-granular properties (number of contacts, 
contact lengths and stiffness coefficients) are governed by the two fabric parameters a20 and a40. 
In such a material, the properties in the two directions y and z are identical.  While the properties 
in the x direction is different from these two.  So the propagation of waves along two directions, x 
and y, have been studied here. 
9.5.1 Propagation of displacement waves in x direction 
 
When studying propagation of plane waves along x axis, the two displacement fields (average 
displacement field and the total displacement gradient, should be only functions of x1 and time. 
   1 1,      and     ,i i ij ijx t x t
             (9.40) 
For the second rank tensor  ij
 , the same decomposition of volumetric and deviatoric components 
as the one presented in Eq. 9.16 and 9.17 is utilized.  Harmonic wave forms identical to the ones 
presented in Eq. 9.18a are used as solutions to the equations of motion.   
In a manner identical to the one presented in section 9.4.1, the displacement waves are decomposed 
into longitudinal, transverse, in-plane shear, and Relative in-plane normal waves.  By a closer 
look at the dispersion equations pertinent to all these wave groups, given in Eq. 9.19-9.27, it is 
seen that only the first two groups (i.e. longitudinal and transverse waves) are affected by the 
macroscopic stiffness tensor components (represented in macro-scale by 
M
ijklC , and in micro-scale 
by 
M
ijK ).  In what follows, the dispersion relationships for propagation of longitudinal and 
transverse components of displacement waves in x direction are presented.  For the two other 
classes (i.e. the in-plane shear and the relative in-plane normal waves) the equations for isotropic 
materials given in section 9.4.1 are valid. 
I. Longitudinal waves 
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The system of equations pertinent to 1 11,  , and 
D     will form the longitudinal dispersion 
relationships and it is given as follows 
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   (9.42) 
In order to ensure that the above system of equations and unknowns will have non-trivial solutions, 
the determinant of the coefficients matrix should be set equal to zero.  The resulting equations will 
be the dispersion equations for displacement plane waves propagating in x direction within a 
transversely isotropic material. 
II. Transverse waves 
This system of equations pertinent to          2 312 12 13 13,  , and  or ,  , and          components of 
the displacement field which are inside the plane perpendicular to the direction of propagation of 
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   (9.43) 
where 2 and 3i   and 
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 (9.44) 
It is noted that due to material’s transverse isotropy (axis 1 being the axis of rotational symmetry), 
the behavior of the material in 2 and 3 directions are identical.  Dispersion relationships for these 
wave components will be derived by setting the determinant of the coefficients matrix in Eq. 43 
equal to zero. 
9.5.2 Propagation of displacement waves in y direction 
 
The two displacement fields (average displacement field and the total displacement gradient) are 
defined in this case as a functions of x2 and time. 
   2 2,      and     ,i i ij ijx t x t
             (9.45) 
The volumetric-deviatoric decomposition of the second rank displacement gradient tensor in this 
case will be slightly different, because the longitudinal wave will be 22
 .  The volumetric and 
deviatoric components of displacement gradient tensor will be given as 
22 223   and    
D
ii
                   (9.46) 
where 
 represents the volumetric component of the total gradients of displacement, while 22
D
is the deviatoric component of the total gradients of displacement.  Using this decomposition, the 
diagonal components of the displacement gradient tensor can be rewritten as 
22 22 11 33 22       and       2
D D                       (9.47) 
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The general form of solution for harmonic waves propagating in y direction will be given as 
   2 2;       ;
i x t i x t
i i ij ijAie B e
    
 
          (9.48) 
where ξ is the wave number with units of 1/m, ω is the frequency with units of rad/s, and the 
coefficients iA , and ijB represent wave amplitudes corresponding to the average displacement and 
displacement gradient.  Substituting the solutions given in Eq. 9.48 into the displacement equations 
of motion given in Eq. 9.39, 12 equations for different components of the kinematic measures of 
the problem are derived. 
By applying the volumetric-deviatoric decomposition to the displacement gradient, it is possible 
to decompose the waves into distinct categories.  Longitudinal, transverse, in-plane shear, and 
relative in-plane normal wave components will be formulated separately.  However, it should be 
noted that, in contrast to the case of wave propagation in isotropic media or wave propagation in 
x direction in transversely isotropic media, the transverse components of waves in the two 
transverse directions will be different here. In this analysis of plane waves propagating in y 
direction, the two transverse directions will be directions x and z.  The material does not behave 
in an identical manner in these two directions, since x is the axis of rotational symmetry and z lies 
on the plane whose normal is x. 
For this reason, the waves will be categorized as follows: 
I. Longitudinal components: 2 22,  , and 
D     
For these components, the dispersion relationship will be given as 
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    (9.50) 
In order to guarantee having non-trivial solution for Eq. 9.49, the determinant of the coefficients 
matrix is set equal to zero, resulting in the dispersion relationships pertinent to longitudinal wave 
components.  
II. Transverse components in xy plane:    1 12 12,  , and 
     
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where 
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Dispersion relationships for wave components    1 12 12,  , and 
     are derived by setting the 
determinant of the coefficients matrix in Eq. 9.51 equal to zero.  However, as it was stated before, 
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for propagation of plane waves in y direction within transversely isotropic materials, the other set 
of transverse wave components will have a different behavior. 
III. Transverse components in xz plane:    3 23 23,  , and 
     
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where 
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Setting the determinant of the coefficients matrix in Eq. 9.53 equal to zero results in the dispersion 
relationships for    3 23 23,  , and 
     components of displacement waves propagating in y 
direction.  
IV. In-plane shear waves:    13 132  and 2
    
The equations of motion pertinent to the in-plane shear components of displacement waves can be 
written in matrix form as 
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     (9.56) 
It can be seen that the system of equations given in Eq. 55 is fully decoupled.  So the equations 
can be solved independently.  The dispersion relationships giving the frequency of these wave 
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V. Relative in-plane normal waves: 11 33
    
Finally, the dispersion relationship for 11 33
    component of the displacement wave propagating 
in y direction is given as 
   2 ' 2 211 11 1 22 33 0D D R                   (9.58) 
where  
   11 1 2'4 12 5 105;         2 3 15g g m mp n w p n wl ND DK K l N K K        (9.59) 
The trivial solution for Eq. 9.58 is obviously 11 33 0
    .  This, however, implies that this 
component of wave is always absent, since its amplitude will be always zero.  Thus, for the 
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9.6 Results and Discussions 
 
 
In this section, the dispersion behavior of both isotropic and transversely isotropic materials are 
studied with numerical examples. 
9.6.1 Dispersion behavior of isotropic materials 
 
 
Here, the equations of motion derived in section 9.4 are solved for an isotropic rock-like material.  
The microscopic material parameters used in this analysis along with the resulting macroscopic 
properties of the material are presented in Table 9.2.  Note that, as it is clear in Table 9.2, in this 
study, for all kinematic measures, the stiffness in the tangential direction is assumed to be one half 
of the stiffness coefficient in the normal direction (For a complete analysis of the effect of ratios 
between normal and tangential components of inter-granular stiffness coefficients see [206]). 
It is worthwhile here to note the inter-granular mechanism that is controlled by each one of the 
inter-granular stiffness coefficients.  The stiffness coefficients Kn and Kw (normal and tangential 
stiffness coefficients) control the normal and tangential displacement between two grains.  While 
the two coefficients Gn and Gw (rotational stiffness coefficients around normal and tangential axes) 
control torsion and bending between two neighbor grains respectively.  Using this analysis, it is 
clear that Kn is, in a sense, representing the axial stiffness of the contact mechanism between the 
two grains, while Gn could be conceived to represent the torsional stiffness of the contact 
mechanism between two neighbor grains.  This simplified analysis has been used here in order to 
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In Figures 9.1 and 9.2 the dispersion curves for different components of the displacement and spin 
waves have been presented.  In both figures, the components corresponding to longitudinal, 
transverse, in-plane shear, and relative in-plane normal wave components have been presented in 
separate sections.  The kinematic component corresponding to each one of the curves is also 




Figure 9.1 Dispersion graphs for different components of displacement waves 
 
Here, it is interesting to point the contrast between the results of this kind of micromorphic theory 
to that of a usual first gradient continuum model.  In the classical analysis, only two components 
of wave (compressive, or P, wave and shear, or S, wave) propagate through.  These waves always 
have a constant velocity, Cp and Cs respectively.  Waves with constant velocity are named non-
dispersive waves and their frequency has a linear relationship with wave number as 
2
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Figure 9.2 Dispersion graphs for different components of spin waves 
 
However, as it is seen in Figure 9.1 and 9.2, almost all components of waves in the micromorphic 
media are dispersive, since their dispersion graphs are not straight lines.   
In studying the propagation of waves two types of velocity are studied, namely phase velocity and 
group velocity [207].  Phase velocity, υp, is the velocity of propagation of each wave front and is 
calculated as the secant slope of the dispersion graph.  Whereas group velocity, υg, is the velocity 
of propagation of an envelope of a wave packet and can be calculated as the tangential slope of the 
dispersion graph [208].  The two velocity measures are formulated as 
 











































































































            (9.62) 
It is obvious from Eq. 9.62 that if the waves are not dispersive, meaning that dispersion graphs are 
lines and not curves      , these two velocities would be identical          .  
However for the micromorphic materials modeled here, the two velocities are in fact different. 
Figures 9.3 and 9.4 show the evolution of phase velocity and group velocity, respectively, for 
displacement waves.  
 
Figure 9.3 Phase velocity of different components of displacement waves vs their frequency 
 


















































































































Figure 9.4 Group velocity of different components of displacement waves vs their frequency 
 
 
Note that in these two figures, i=2 and 3.  It is interesting to note that the phase velocity for all 
components of displacement waves are monotonically decreasing.  It is also interesting to note the 
small frequency band that some components of displacement waves, including
11 
D ,  1 i
 ,  23 

 23 
D , and 
22 33
    components.  The group velocity curves (representing the derivative of the 
dispersion curves) show a more complicated behavior.  They represent a combination of 
decreasing and increasing behavior. 
Also Figures 9.5 and 9.6 show the evolution of phase velocity and group velocity, respectively, 
for spin waves. 
 















































































































Figure 9.5 Phase velocity of different components of spin waves vs their frequency 
 
 
As it was expected from the equations of motion governing the displacement and spin waves, it is 
seen that the behavior of phase and group velocities of the two waves are qualitatively similar.  
Again, phase velocities are decreasing monotonically, while group velocities show a combination 
of decreasing and increasing behavior.  In addition, it is observed that the multiple components of 
waves propagate in a very narrow frequency domain. 
 






































































































Figure 9.6 Group velocity of different components of spin waves vs their frequency 
 
 
9.6.2 Dispersion behavior of transversely isotropic materials 
 
 
As it was stated before, in transversely isotropic materials, wave propagation behavior will be a 
function of the direction of propagation.  This section contains dispersion analysis for a 
transversely isotropic material where a20 = a40 = 2.0.  Afterwards, a parametric study will be 
performed to show the effect of microstructural parameters on the dispersion behavior. 
For waves propagating in x direction (along the axis of rotational symmetry), the two transverse 
components of waves will be identical, since they will lie on the symmetry plane.  Figure 9.7 
 





































































































presents the dispersion curves, as well as phase velocity and group velocity of different 
components of the displacement wave propagating in x direction.  The figure contains the 
dispersion graphs and also the velocities for longitudinal, transverse, in-plane shear, and the 
relative in-plane normal waves.   
 
Figure 9.7 Dispersion, phase velocity vs. frequency, and group velocity vs. frequency for displacement 




Note that in Figure 9.7, and in transverse wave components, 2 and 3i  .  This is because the 
material is transversely isotropic and axis 1 is chosen as the axis of rotational symmetry.  Thus the 
behavior of waves in the two directions 2 and 3 will be identical.  This is in contrast with 
propagation of waves in the y direction, where the two transverse directions, 1 and 3, will be 
different. 
For waves propagating in y direction in a transversely isotropic material, the two transverse 
directions will not behave identically.  Thus the wave will be decomposed into one set of 
longitudinal components, two sets of transverse components, one in-plane shear set, and one 
relative in-plane normal wave component.  Figure 9.8 presents the dispersion curves, as well as 
phase velocity and group velocity of the aforementioned components. 
Comparing the results presented in Figure 9.7 and Figure 9.8, it is seen that the dispersion behavior 
for the in-plane components of waves propagating in the two directions, x and y, are identical.  
Since, as it was stated in section 9.5, the dispersion relationships belonging to these components 
are not functions of the macro stiffness tensor, 
M
ijklC , which is the tensor that is assumed to be 
transversely isotropic here.  For longitudinal and transverse components, however, the behavior is 
clearly affected by changing the macro stiffness tensor, 
M
ijklC  (See Eq. 9.20 and 9.22 for the 
parameters affecting dispersion relationships in longitudinal and transverse waves and compare 
with Eq. 9.24 and 9.27 for the parameters affecting the dispersion relationships belonging to in-





Figure 9.8 Dispersion, phase velocity vs. frequency, and group velocity vs. frequency for displacement 




To study the effect of model parameters on the dispersion behavior of the material in different 
directions, ratio of phase velocities of longitudinal and transverse components of waves 
propagating in x and y directions have been calculated by changing a20. Change of ratios of the 
phase velocities of the waves propagating in x and y directions for small and large values of wave 




Figure 9.9  Evolution of ratios of phase velocities of different components of longitudinal and transverse components 
of displacement waves propagating in x and y directions by changing a20 
 
 
As it was mentioned in Chapter 6, section 6.3.2, for modeling transversely isotropic materials, the 
model needs the following five independent parameters: kn, ks, kt, a20, and a40.  In other owrds, the 
introduction of two different stiffness coefficients in the two tangential directions, as well as a20 
and a40 impose transverse isotropy on the material.  In this analysis, however, the focus is on 
studying the effect of a20 on the dispersion behavior.  For this purpose, the two stiffness coefficients 
in the tangential direction are assumed to be equal and also a40 is assumed to be equal to zero.  In 
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When a20 is zero, the material is in fact still isotropic and the dispersion behavior for waves 
propagating in the two directions, x and y, are identical.  On the other hand, by increasing a20, the 
material becomes more and more anisotropic and the difference between the dispersion behaviors 
of the waves propagating in the two directions become increasingly accentuated.  However, as it 
can be seen in Figure 9.9, the effect of increasing a20 is not the same for different components of 
wave.  Figure 9.9a shows the ratio of the two longitudinal components of 
i , while Figure 9.9d 
presents the transverse component belonging to 
i .  In both these cases, it is seen that in small 
wave numbers (large wave lengths), change of velocity is much more significant compared to the 
case when wave lengths are small.  This result is expected since large wave lengths correspond to 
macro behavior of the material. 
Further, the wave components corresponding to the total gradient of displacement are also seen to 
be affected by changing the parameter a20 and hence introducing anisotropy in the material 
behavior.  Figure 9.9b shows the ratio between phase velocities of the volumetric components of 
waves propagating in x and y directions, while Figure 9.9c shows the same ratio for the deviatoric 
components.  Figure 9.9e and 9.9f show the ratio between the symmetric and anti-symmetric parts 
of the transverse waves propagating in x and y directions.  It is seen in these figures that these 
components are affected by changing a20 and imposing anisotropy only when the wave number is 
very large (small wave lengths).  When the wave lengths are large, these components of waves 
will have a similar behavior in the two directions.  Even with a20 = 2, which implies severe 
anisotropy, the dispersion behavior of these components of waves propagating in the two 




9.7 Summary and conclusions 
 
 
In this chapter the balance equations for the complete micromorphic continuum theory, presented 
in Chapter 7, were formulated.  These balance equations, including equilibrium equations and the 
relevant boundary conditions, are the equations that should be used in any type of analysis for 
micromorphic media.  In this chapter, the equations of motion were solved for studying 
propagation of elastic waves through the material. 
Study of wave propagation through materials using usual first gradient elasticity results in the two 
well-known longitudinal and shear components of wave (P waves and S waves).  Studying the 
material as a micromorphic media shows that other components of wave will also propagate in the 
material.  In the analysis using micromorphic theory, two general groups of waves were studied: 
displacement waves and spin waves.  Each one of these groups are then decomposed into different 
sets of waves: longitudinal waves, transverse waves, in-plane shear waves, and relative in-plane 
normal waves. 
Dispersion behavior of all the above components have been studied and it is seen that all the 
components of waves in such media are dispersive (as opposed to the usual P and S waves, in 
which the relationship between frequency and wave number is linear, resulting in identical phase 
and group velocities).  Phase velocities and group velocities of all these components are also 
calculated. 
For isotropic materials, wave propagation is independent of direction of propagation, while for 
anisotropic materials, the behavior will depend on the direction of propagation.  As an example of 
an anisotropic material, propagation of waves in transversely isotropic materials is studied.  As a 
first approximation, it is assumed that only the macro stiffness tensor, 
M
ijklC , is transversely 
isotropic.  For such a material, the stiffness tensor is derived in the manner presented in Chapter 
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6.  Equations of motions have been modified for the existence of anisotropy in the material and 
wave propagation in the two principal directions, x and y, have been studied separately. 
The results show that the dispersion behavior in the two directions are significantly different.  
Interestingly, for waves with large wave lengths, the anisotropy seems to affect the behavior of 
macro displacement components (terms corresponding to average displacement field).  While in 
higher wave numbers (small wave lengths) dispersion behavior of the wave components 
corresponding to displacement gradient seem to be most affected by the anisotropy.  In addition, 
the effect of changing the microstructural model parameters that impose directional dependence 
on material properties on the dispersion behavior of the material is studied using a parametric 
study. 
In conclusion, the micromorphic theory presented in Chapter 7, and completed in this Chapter by 
presenting the pertinent equilibrium equations and boundary conditions, is shown to be able to 
predict non-classical phenomena which the usual elasticity theories fail to predict.  Namely, the 
dispersion phenomena is captured by using a simple linear set of constitutive equations.  Moreover, 
it is shown before [154] that the method is capable of predicting frequency band-gaps.  That is 
regions in the frequency domain for which no waves with any real wave number can propagate 
through the material.  The ability of the presented micromorphic theory to predict these non-
classical phenomena point to the necessity of including terms such as fluctuations in grain 









10 CONCLUDING REMARKS AND FUTURE WORKS 
 
10.1 Concluding remarks 
 
 
The method of granular micromechanics for deriving the constitutive model for granular materials 
is presented in this dissertation.  In this approach, the material point is envisioned as a collection 
of grains, mutually interacting with their neighbors.  Material’s continuum response is derived, in 
this model, as the average of the behavior of all grain-pair interactions.  The approach presented 
here is general and can be used for different types of materials and grain assemblies. 
The method’s advantages that have been utilized, worked upon, and developed in this study are 
briefly summarized below. 
1. In this method, the macroscopic behavior of the material (typically represented by the two 
second rank tensors of stress and strain, as well as the fourth rank stiffness tensor) are 
calculated using the scalar values of normal and tangential components of force, 
displacement, or stiffness.  This, simplifies modeling non-linear plastic behavior of the 
materials significantly.  In particular, the difficulty associated with defining yield surfaces, 
flow rules, hardening rules, etc. in the three tensorial framework is avoided when working 
with scalar values and scalar functions that couple them together.  The behavior of the 
material is formulated as scalar functions in a simpler manner. 
2. The physical phenomena that can best be described in terms of interactions between grains 
(e.g. slip, friction, effects of confinement, etc.) can now be addressed in a straightforward 
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manner and there is no need to find tensorial parameters that might approximately address 
such issues.  By defining the force-displacement relationships in a manner consistent with 
the physical behavior of grain interactions, as well as the macroscopic behavior of the 
material, all these physical phenomena will be modeled automatically. 
3. During a loading process on a non-linear material, grain-pair interactions in different 
directions will undergo different loading histories.  Many different scenarios and loading 
combinations can take place in different directions.  Grain-pair interactions in different 
directions can undergo loading, unloading, reloading, hardening, softening, etc.  Thus the 
overall behavior of the material will be completely load-path dependent.  During loading, 
even simple monotonic loadings, the properties of grain-pair interactions in different 
directions will change and the induced anisotropy effect, due to the change of properties in 
different directions will be modeled automatically.  As a result, the material behavior will 
be highly load-path dependent and material’s response will be, at any point during the 
loading, a function of the loading history.  This best manifests itself when studying the 
failure behavior of the material.  As it is shown here, defining failure as a function of the 
current stress state will not be able to sufficiently failure of the material.  Studying the 
behavior in different directions enables the model to incorporate the loading history in all 
different directions separately and to define failure as a function of the loading history. 
4. Since the macroscopic response of the material is derived by averaging the grain-pair 
interactions in all different directions, the model is naturally strong for modeling inherently 
anisotropic materials.  For this purpose, a directional density distribution function is 
introduced in the formulation that defines the directional distribution of number, length, 
and stiffness of grain-pair interactions in different directions.  The density distribution 
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function is defined in a manner that is consistent with the elastic symmetries that lead to 
the different levels of isotropy in the material.  As a result, materials with all different levels 
of inherent anisotropy can be modeled. 
5. In this model, the macroscopic kinematic measures are interpreted in the sense of relative 
movements of grains.  This allows for a better interpretation of additional kinematic 
measures that are needed for deriving enhanced continuum theories, such as micromorphic 
continuum theory.  Additional kinematic measures such as relative deformation, second 
gradient of displacement, and rotation gradient tensors can be linked to the displacements 
and spins of grains in a meaningful manner.  Utilizing this link between the kinematics of 
grains and the macro-scale kinematic measures, paves the way for establishing a practical 
approach for calibrating the micromorphic material parameters. 
In summary, a robust, yet computationally efficient approach has been presented for modeling 
granular materials.  This approach incorporates material’s microstructure and its corresponding 
micromechanical properties into its macroscopic behavior in a statistical manner.  Using this 
method, we bridge between traditional continuum mechanics-in which the effect of microstructure 
and its evolution during loading on continuum behavior is either neglected or taken into account 
using approximations- and atomistic calculations-in which the exact microstructure of the material 
might be used to derive material’s exact behavior but with a huge amount of computational 
demand, making it inapplicable to macro scale problems. 
 
10.2 Future works 
 
 
Following recommendations are made for future works on this topic. 
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 Implementation of the damage-plasticity model into Finite Element Method schemes:  The 
non-linear constitutive approach for modeling cementitious materials presented here is 
fully calibrated and verified for the behavior of a material point.  The next step in the 
verification and application of the material model would be its implementation into FE 
software.  This will allow the model to be used for modeling different boundary value 
problems in structural level. 
 Implementation of rate-dependent terms for modeling viscos materials:  The model can be 
significantly enhanced by incorporation of viscos terms in the constitutive model from 
grain-scale viewpoint.  This enables the method to model rate-dependent materials such as 
asphalt mixtures.  In addition, this will help the method significantly in stabilizing the 
model results especially in post-peak softening region. 
 Modeling large-deformation problems:  The present work utilizes the infinitesimal strain 
theory for calculation of kinematic measures and consequently the conjugate stress 
measures.  However, in order to generalize the model, the kinematic analysis of grain 
movements (displacements and rotations) can be enhanced to include finite deformations. 
 Modeling multi-phase (composite) materials:  The method can also be developed for 
modeling composite materials.  For this purpose, a unified approach, which is based on the 
micromechanics of the behavior of materials is needed. In this approach, different phases 
of these materials and their interface should be modeled separately.  These should then be 









Transversely isotropic materials have a single axis of rotational symmetry and moreover, every 
plane containing this axis is a plane of reflection symmetry [156].  The plane whose normal axis 
is the axis of rotational symmetry can be called the plane of rotational symmetry and the properties 
of the material in all directions in that plane are identical.  If an initially isotropic non-linear 
material is under uniaxial loading (or conventional triaxial loading) in the 1 direction, it develops 
an axisymmetric behavior resembling that of a transversely isotropic material.  In this situation, 
axis 1 will be the axis of rotational symmetry and the 23 plane (the plane in which the two lateral 
strains are applied) is the plane of rotational symmetry.  The constitutive equation for such material 
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     (A.1) 
As it is seen in Eq. A.1, the stiffness tensor of a transversely isotropic tensor is composed of 5 
independent components.  In order to study the failure mode of the material, it is worthwhile to 
calculate the eigenvalues and eigenvectors of the stiffness tensor.  The stiffness tensor is written 
here as a 6×6 matrix and thus has 6 eigenvalues.  However, for the case of transversely isotropic 
materials, only 4 independent eigenvalues exist.  The closed-form solution of these eigenvalues 
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As stated before, the two remaining eigenvalues are not independent from the ones that are 
presented here.  The fifth eigenvalue is equal to λ4 and the sixth one is equal to λ3/2.  Study of the 
eigenvectors corresponding to these eigenvalues demonstrate the deformation mode associated 
with each one of them.  The eigenvectors corresponding to each one of the above eigenvalues are 
given below 
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  (A.3) 
Note that the above eigenvectors are not necessarily normalized.  The deformation mode is inferred 
directly from the eigenvector corresponding to the eigenvalue.  For λ1 and λ2, the eigenvector 
clearly belongs to the normal directions, and thus the deformation mode is clearly dilatational.  For 
λ3, the eigenvector shows a deviatoric component between the 2 and 3 directions, and thus 
corresponds to the deviatoric mode.  As it was stated before, two of the eigenvalues of the stiffness 
matrix are equal to λ4 and the eigenvectors corresponding to both of them belong to the (isochoric) 
shear mode of deformation.  The eigenvalue corresponding to the last eigenvalue (which is equal 
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